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11 PARAMETRIC EQUATIONS,
POLAR COORDINATES,
AND CONIC SECTIONS

11.1 Parametric Equations

Preliminary Questions
1. Describe the shape of the curve x = 3cost, y = 3sint.

soLuTION For all ¢,

x2 +y2 = Bcost)? + Bsin)? = 9(cos’t +sin1) =9-1=09,

therefore the curve is on the circle x2 + y2 = 9. Also, each point on the circle X2+ y2 = 9 can be represented in the
form (3cost, 3sint) for some value of . We conclude that the curve x = 3cost, y = 3sint is the circle of radius 3
centered at the origin.

2. How does x =4 + 3cost, y =5+ 3sint differ from the curve in the previous question?

SOLUTION In this case we have
(x — 4)2 +(y— 5)2 = (3<:ost)2 + @3 sint)2 = 9(coszt + sin? 1)=9-1=9
Therefore, the given equations parametrize the circle of radius 3 centered at the point (4, 5).

3. What is the maximum height of a particle whose path has parametric equations x = P y=4—127

SOLUTION The particle’s height is y = 4 — 12. To find the maximum height we set the derivative equal to zero and
solve:

d d
yZE(4_[2)=_2[=O or t=0

dt
The maximum height is y(0) = 4 — 0% = 4.
4. Can the parametric curve (¢, sint) be represented as a graph y = f(x)? What about (sin¢, ¢)?

SOLUTION In the parametric curve (¢, sin¢) we have x = ¢ and y = sin ¢, therefore, y = sin x. That is, the curve can be
represented as a graph of a function. In the parametric curve (sinz, r) we have x = sin¢, y = ¢, therefore x = sin y. This
equation does not define y as a function of x, therefore the parametric curve (sin z, ¢) cannot be represented as a graph of
a function y = f(x).

5. Match the derivatives with a verbal description:
dx dy dy
- b i -
@ ® % © 4
(i) Slope of the tangent line to the curve

(ii) Vertical rate of change with respect to time

(iii) Horizontal rate of change with respect to time
SOLUTION

oooLodx . . .

(a) The derivative o is the horizontal rate of change with respect to time.
oo dy . . .

(b) The derivative I is the vertical rate of change with respect to time.

d
(¢) The derivative d—y is the slope of the tangent line to the curve.
X

Hence, (a) <> (iii), (b) <> (ii), (¢) <> (i)
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Exercises
1. Find the coordinates at times ¢ = 0, 2, 4 of a particle following the path x = 1 + 3,y =9—32
SOLUTION Substitutingt = 0,¢# = 2,andt =4intox = 1 + 13, y=9— 312 gives the coordinates of the particle at

these times respectively. That is,
t=0 x=1+0"=1,y=9-3.02=9 = (1,9
t=2) x=1+22=9,y=9-3.22=-3 = (9,-3)
(t=4) x=1+43=65 y=9-3.42=-39 = (65, —39).

2. Find the coordinates at r = 0, %, 7 of a particle moving along the path c(¢) = (cos 2t, sin? 7).
SOLUTION Settingt = 0,1 = %, andt = winc(t) = (cos2t, sin? t) we obtain the following coordinates of the particle:

t=0: (cos2-0,sin%0)=(1,0)

t

T (cos 27”, sin? ) =, %)
T

' (cos 27, sin® ) = (1, 0)

3. Show that the path traced by the bullet in Example 3 is a parabola by eliminating the parameter.
SOLUTION The path traced by the bullet is given by the following parametric equations:

x =200z, y = 400f — 16¢2

We eliminate the parameter. Since x = 200¢, we have t = 200" Substituting into the equation for y we obtain:

400 — 161> =400+ = — 16 (- )2 e 2

= —_ = - —_— = —_— = X —

Y 200 200 2500
x2

The equation y = ~2500 + 2x is the equation of a parabola.

4. Use the table of values to sketch the parametric curve (x(¢), y(¢)), indicating the direction of motion.

t| =3 =2|-1] o] 1]2] 3
x| =15 o 3| o[-3]0]|15
y s o|-3|-4|-3]|0] 5

SOLUTION We mark the given points on the xy-plane and connect the points corresponding to successive values of ¢ in
the direction of increasing 7. We get the following trajectory (there are other correct answers):

L 1= =2
-15 =10 -5 5 10 15
2

t=1 t=-1

-6

5. Graph the parametric curves. Include arrows indicating the direction of motion.

(@) (t,1), —o0 <t <00 (b) (sint,sint), 0<t <2mw
(©) (e',e!), —oo<t<o0 @ 3,3, —1<r<1
SOLUTION

(a) For the trajectory c(t) = (¢,1), —00 < t < oo we have y = x. Also the two coordinates tend to co and —oo as
t — oo and t — —oo respectively. The graph is shown next:

y
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(b) For the curve c(t) = (sint,sint), 0 <t < 2w, we have y = x. sint is increasing for 0 < ¢t <
T <p<3z

7, decreasing for
2

5~ and increasing again for 37” <t < 2m. Hence the particle moves from ¢(0) = (0, 0) to c(%) = (1, 1), then
moves back to c(%’) = (—1, —1) and then returns to ¢(27) = (0, 0). We obtain the following trajectory:

_ T _ T
=710 t= 200

_3m, _3m, .
1—7( 1-1) t= 2( 1-1)

b
0<t§7

~

< 3n 3n

< = 5 <t <2m

(S

These three parts of the trajectory are shown together in the next figure:

~

s
Za

(¢) For the trajectory c(t) = (¢!, '), —00 < t < 00, we have y = x. However since lim e/ =0and lim e’ = oo,
t——00 t—00
the trajectory is the part of the line y = x, 0 < x.

(d) For the trajectory c(t) = (t3, 13), =1 <1t <1, wehave again y = x. Since the function 13 is increasing the particle

moves in one direction starting at ((—1)3, (—1)3) = (=1, —1) and ending at (13, 13) = (1, 1). The trajectory is shown
next:

~

t=1(1,1)

Vi

t=—1(=1-1)

6. Give two different parametrizations of the line through (4, 1) with slope 2.

SOLUTION The equation of the line through (4, 1) with slope 2is y — 1 = 2(x —4) or y = 2x — 7. One parametrization
is obtained by choosing the x coordinate as the parameter. Thatis,x = t.Hence y = 2r — 7andwe getx =¢t,y =2t — 7,
—00 < t < 00. Another parametrization is given by x = %, y=t—17,—00<t < 00.
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In Exercises 7—14, express in the form 'y = f(x) by eliminating the parameter.

T.x=t+3, y=4t
SOLUTION We eliminate the parameter. Since x = ¢ + 3, we have t = x — 3. Substituting into y = 47 we obtain
y=4t=4x—-3)=>y=4x —12
8. x =11, y =12

SOLUTION Fromx =¢~! wehaver = x~1. Substituting in y = =2 we obtain
y=t :(x71)72:x2:>y:x2, x #0.
9. x =1, y=tan71(t3—|—et)
SOLUTION Replacing ¢ by x in the equation for y we obtain y = tan~! (x3 + £%).

10. x = 12, y:t3+1
SOLUTION From x = 1% we gett = £./x. Substituting into y = 13 + 1 we obtain

y=+1=F/x) +1=2Vx3+1, x>0.
Since we must have y a function of x, we should probably choose either the positive or negative root.

1. x =e 2, y= 6e™

SOLUTION We eliminate the parameter. Since x = e~
we get

2t wehave —2f =Inx orf = —% In x. Substituting in y = 6e*

1 -2 6
y=6e4l =6e4~(—71nx) =6e—21nx =6elnx =6x_2:>y_

=—, x>0.
X

2. x=1+:"1 y=¢
SOLUTION Fromx =1+1"! we gett™

1 \?2 1
=12 = Sy=—"\ x#1
y p— G2

I'=x—1lorr=—L. We now substitute f = —— in y = 12 to obtain
x—1 x—1

13. x=Int, y=2-—1t
SOLUTION Since x = In¢ we have t = ¢*. Substituting in y = 2 — ¢ we obtain y = 2 — ¢*.
14. x =cost, y =tant
SOLUTION We use the trigonometric identity sint = /1 — cos? ¢ to write
sin t 1 —cos2t
y=tant= — =f———
cost cost

We now express y in terms of x:

V1—x2 1 —x2

y=tnt=t——=y=4t——"—, x#0.
X X

Since we must have y a function of x, we should probably choose either the positive or negative root.
In Exercises 15-18, graph the curve and draw an arrow specifying the direction corresponding to motion.
15. x = 41, y =21

SOLUTION Letc(t) = (x(1), y(t)) = (%t, 2t2). Then c(—t) = (—x(¢), y(¢)) so the curve is symmetric with respect to
the y-axis. Also, the function %t is increasing. Hence there is only one direction of motion on the curve. The corresponding

function is the parabolay =2 - (2x)% = 8x2. We obtain the following trajectory:

v
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16. x =2+4t, y=3+2¢

SOLUTION  We find the function by eliminating the parameter. Since x = 2 + 4t wehavet = % ,hencey = 34 2( %)
ory = % + 2. Also, since 2 4 4¢ and 3 + 2¢ are increasing functions, the direction of motion is the direction of increasing

t. We obtain the following curve:

17. x =nt, y =sint

SOLUTION We find the function by eliminating ¢. Since x = 7t, we have t = % Substituting t = % into y = sint we

get y = sin 2. We obtain the following curve:
A A«mﬁm .
(2112‘0)\/ \/’ \/

we have r = +x!/2. Hence, y = +x3/2. Since the functions % and ¢ are increasing,

18.x=t2, y=t3

SOLUTION From x = #2

there is only one direction of motion, which is the direction of increasing ¢. Notice that for c(t) = (tz, t3) we have
c(—t) = (t2, —t3) = (x(¢), —y(t)). Hence the curve is symmetric with respect to the x axis. We obtain the following

curve:

19. Match the parametrizations (a)—(d) below with their plots in Figure 14, and draw an arrow indicating the direction of

motion.
y y y y
5 2 10 2
5 ) s 5 -1 1X
(W) ) (TIT) (IV)
FIGURE 14
(@) c(t) = (sint, —1) M) ct) = (2 —9,8 —13)
© ct)=1~-1,12-9) (d) c(t) = (4 +2,5—31)
SOLUTION

(a) Inthe curve c(¢) = (sint, —t) the x-coordinate is varying between —1 and 1 so this curve corresponds to plot IV. As
t increases, the y-coordinate y = —t is decreasing so the direction of motion is downward.
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y
2n >
—
E — 1
X
-1 ;
<
= =27

(IV) c(t) = (sint, —1)

(b) The curve c(t) = (12 -9, -3 — 8) intersects the x-axis where y = —13-8=0,0rt = —2. The x-intercept is
(=5, 0). The y-intercepts are obtained where x = t2-9=0,ort = £3. The y-intercepts are (0, —35) and (0, 19). As
t increases from —oo to 0, x and y decrease, and as ¢ increases from 0 to 0o, x increases and y decreases. We obtain the
following trajectory:

(1)

(¢) Thecurvec(r) = (1 —t, 12— 9) intersects the y-axis where x = 1 — ¢ = 0, ort = 1. The y-intercept is (0, —8). The
x-intercepts are obtained where 12— 9 =0ort = £3. These are the points (—2, 0) and (4, 0). Setting t = 1 — x we get

y:t2—9:(l—x)2—9:x2—2x—8.

As t increases the x coordinate decreases and we obtain the following trajectory:

101
X
-2 45
1)
(d) The curve c(r) = (4t + 2,5 — 3t) is a straight line, since eliminating ¢ in x = 47 + 2 and substitutingin y = 5 — 3¢
givesy =5-3- % = —%x + % which is the equation of a line. As ¢ increases, the x coordinate x = 4 + 2 increases

and the y-coordinate y = 5 — 3¢ decreases. We obtain the following trajectory:

y

™~

@
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20. A particle follows the trajectory
13 2
x(t) = Zt + 2t, y() =20t —t

with 7 in seconds and distance in centimeters.
(a) What is the particle’s maximum height?
(b) When does the particle hit the ground and how far from the origin does it land?

SOLUTION

(a) To find the maximum height y(z), we set the derivative of y(¢) equal to zero and solve:

dy _

d 2
=—Q0r—1t7)=20—-2t=0=1=10.
dt dt( ) =

The maximum height is y(10) =20 - 10 — 102 = 100 cm.
(b) The object hits the ground when its height is zero. That is, when y(¢) = 0. Solving for r we get

20t — 12 =1(20—1) =0=t =0, ¢ = 20.

¢t = Ois the initial time, so the solutionis # = 20. At that time, the object’s x coordinate is x (20) = % 203 +2-20 = 2040.
Thus, when it hits the ground, the object is 2040 cm away from the origin.

21. Find an interval of ¢-values such that c(¢) = (cost, sin t) traces the lower half of the unit circle.

SOLUTION Fort = m, we have c(r) = (—1, 0). As ¢ increases from 7 to 27, the x-coordinate of ¢(¢) increases from
—1 to 1, and the y-coordinate decreases from 0 to —1 (at + = 3w /2) and then returns to 0. Thus, for ¢ in [7, 2], the
equation traces the lower part of the circle.

22, Find an interval of 7-values such that c(¢z) = (2t 4 1, 4t — 5) parametrizes the segment from (0, —7) to (7, 7).
SOLUTION Note that2t +1=0atr = —1/2,and 2t + 1 = 7 at t = 3. Also, 4t — 5 takes on the values of —7 and 7 at
t = —1/2 and ¢ = 3. Thus, the interval is [—1/2, 3].

In Exercises 23-38, find parametric equations for the given curve.

23. y=9 —4x

SOLUTION This is a line through P = (0, 9) with slope m = —4. Using the parametric representation of a line, as given
in Example 3, we obtain ¢(¢) = (¢, 9 — 41).

24, y = 8x2 — 3x
SOLUTION Letting ¢ = x yields the parametric representation c(¢) = (z, 82 — 3r).
25. 4x —y2 =5

S5+y  54F -
SOLUTION We define the parameter ¢t = y. Then, x = =~ giving us the parametrization c(¢) =

. 4
(5

26. x2 4+ y* =49

SOLUTION The curve x2 + y2 = 49 is a circle of radius 7 centered at the origin. We use the parametric representation
of a circle to obtain the representation c(¢) = (7 cost, 7sint).

27. x4+ 9%+ (y -2 =49

soLUTION This is a circle of radius 7 centered at (—9, 4). Using the parametric representation of a circle we get
c(t) =(—9+7cost,4+ Tsint).

2/ y\2
2 (5 (5) =
5 + 12
SOLUTION This is an ellipse centered at the origin with @ = 5 and b = 12. Using the parametric representation of an
ellipse we get c(¢) = (Scost, 12sin¢) for —m <t < m.
29. Line of slope 8 through (—4, 9)

SOLUTION Using the parametric representation of a line given in Example 3, we get the parametrization c¢(t) = (—4 +
1,9+ 81).

30. Line through (2, 5) perpendicular to y = 3x

SOLUTION The line perpendicular to y = 3x has slope m = —%. We use the parametric representation of a line given
in Example 3 to obtain the parametrization c(t) = 2+1¢,5 — %t)‘
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31. Line through (3, 1) and (-5, 4)

SOLUTION We use the two-point parametrization of a line with P = (a,b) = (3,1) and Q = (¢, d) = (-5, 4). Then
c(t) = (3—8¢t,143¢t) for —oo <t < o0.

32. Line through (%, é) and (— %, %)

SOLUTION We use the two-point parametrization of a line with P = (a, b) = (%, %) and Q = (¢, d) = (—%, %)

Then
w=(r-20142
“W=372"6"2

for —oo < t < o0.

33. Segment joining (1, 1) and (2, 3)

SOLUTION We use the two-point parametrization of a line with P = (a,b) = (1,1) and Q = (¢,d) = (2, 3). Then
c(t) = (1 41¢,1+ 2t); since we want only the segment joining the two points, we want 0 < ¢ < 1.

34. Segment joining (—3, 0) and (0, 4)

SOLUTION We use the two-point parametrization of a line with P = (a, b) = (—3,0) and Q = (¢, d) = (0,4). Then
c(t) = (—3 + 3¢, 4t); since we want only the segment joining the two points, we want 0 <t < 1.

35. Circle of radius 4 with center (3, 9)

SOLUTION Substituting (a, b) = (3,9) and R = 4 in the parametric equation of the circle we getc(#) = (3 +4cos?, 9+
4sint).
36. Ellipse of Exercise 28, with its center translated to (7, 4)

SOLUTION Since the center is translated by (7, 4), so is every point. Thus the original parametrization becomes c(t) =
(74 5cost,4+ 12sint) for —w <t < 7.
37. y= x2, translated so that the minimum occurs at (—4, -8)

2

SOLUTION We may parametrize y = x2 by (z, t2) for —oco < t < 00. The minimum of y = x“ occurs at (0, 0),

so the desired curve is translated by (—4, —8) from y = x2. Thus a parametrization of the desired curve is c(t) =
(=4 +1,—-8412).
38. y = cos x translated so that a maximum occurs at (3, 5)

SOLUTION A maximum value 1 of y = cosx occurs at x = 0. Hence, the curve y — 4 = cos(x — 3), or y =
4 + cos(x — 3) has a maximum at the point (3,5). Welet = x — 3, then x = ¢ 4+ 3 and y = 4 + cost. We obtain the
representation c(z) = (t + 3,4 + cos?t).

In Exercises 39—42, find a parametrization c(t) of the curve satisfying the given condition.

39. y=3x—-4, c(0)=(2,2)

SOLUTION Letx(t) =t+aand y(t) =3x —4 =3(t + a) — 4. We want x(0) = 2, thus we must use a = 2. Our line
isct) = @), y®)=+2,3(t+2)—4) =@ +2,3t +2).

40. y=3x—-4, c3)=(2,2)

SOLUTION Letx(f) =t +a;since x(3) =2wehave2 =3+4+asothata =—1.Theny=3x—-4=30t—-1)—4=
3t — 7, so that the line is ¢(t) = (t — 1,3t — 7) for —o0 < t < o0.

41. y =x2, ¢(0)= 3,9

SOLUTION Letx(f) =t +a and y(t) = x2 = (t+ a)z. We want x(0) = 3, thus we must use a = 3. Our curve is
c(t) = (x(@), y@) = 43, +3)2) = ¢ + 3,12 + 61 +9).

42. X2 4y2 =4, ¢(0)=(1,3)

SOLUTION This is a circle of radius 2 centered at the origin, so we are looking for a parametrization of that circle that

starts at a different point. Thus instead of the standard parametrization (2 cos 6, 2 sin 8), § = 0 must correspond to some
other angle w. We choose the parametrization (2 cos(f + w), 2 sin(f + w)) and must determine the value of w. Now,

1 5
x(0)=1, so 1=2cos(0+w)=2cosw and w:cos_lizgor?n
Since
3 2
y(O):«/g, we have +/3 = 2sin(0 4+ w) = 2sinw and w:sin_lgzgor?ﬂ

. Y . .
Comparing these results we see that we must have w = 3 so that the parametrization is

c(t) = <2cos (9 + %) ,2sin (9 + %))
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43. Describe c(t) = (sect,tant) for0 <t < % in the form y = f(x). Specify the domain of x.

SOLUTION The function x = sect has period 27 and y = tant has period 7. The graphs of these functions in the
interval —w <t < 7, are shown below:

e —0y fe ===
|
3N

e Oy de e

[
I
I
I
I
I
I

z

2
I
I
I
I

- T
+ + X X
X =sect y =tant
x =sect = x* = sec’t
2 2
sin” ¢ 1 —cos“t
y=tant:>y2=tan2t= 7 = 3 =sec?t—1=x2-1
cos“t cos~ t

Hence the graph of the curve is the hyperbola x2 — y2 = 1. The function x = sec is an even function while y = tan 7 is
odd. Also x has period 27 and y has period 7. It follows that the intervals —7 <t < -5, 5F <t < Jand § <t <7
trace the curve exactly once. The corresponding curve is shown next:

c(t) = (sect, tant)

44. Find a parametrization of the right branch (x > 0) of the hyperbola

-G

using the functions cosh # and sinh . How can you parametrize the branch x < 0?
SOLUTION We show first that x = cosh ¢, y = sinh ¢ parametrizes the hyperbola when a = b = 1: then

X2 y2 = (cosh t)2 — (sinhz)2 =1.

using the identity cosh? — sinh? = 1. Generalize this parametrization to get a parametrization for the general hyperbola
X2 I\2 1.
ST =1
x =acosht, y=bsinht.

We must of course check that this parametrization indeed parametrizes the curve, i.e. that x = acosht and y = bsint
satisfy the equation (£)? — ()% = 1:

2 . 2
GV =G =(*57) - (557) = omo? - camo =1

The left branch of the hyperbola is the reflection of the right branch around the line x = 0, so it clearly has the
parametrization

x = —acosht, y = bsinht.
45. The graphs of x(¢) and y(¢) as functions of # are shown in Figure 15(A). Which of (I)—(III) is the plot of ¢(¢) =

(x(2), y(¢))? Explain.
y y y
x(1)
(Y]

(€19) (1)

1
(A)
FIGURE 15
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SOLUTION As seen in Figure 15(A), the x-coordinate is an increasing function of ¢, while y(z) is first increasing and

then decreasing. In Figure I, x and y are both increasing or both decreasing (depending on the direction on the curve).

In Figure II, x does not maintain one tendency, rather, it is decreasing and increasing for certain values of ¢. The plot
c(t) = (x(¢), y(1)) is plot I1L.

46. Which graph, (I) or (I), is the graph of x(¢) and which is the graph of y(¢) for the parametric curve in Figure 16(A)?

y y

A
[

(A) @ I
FIGURE 16

SOLUTION As indicated by Figure 16(A), the y-coordinate is decreasing and then increasing, so plot I is the graph of y.
Figure 16(A) also shows that the x-coordinate is increasing, decreasing and then increasing, so plot II is the graph for x.

47. Sketch c(t) = (13 — 4t, 12) following the steps in Example 7.

SOLUTION We note that x(¢) = t3 — 4t is odd and y() = t2 is even, hence c(—t) = (x(=1), y(—1)) = (—=x(2), y(1)).
It follows that ¢ (—t) is the reflection of ¢ (¢) across y-axis. Thatis, c(—t) and c(¢) are symmetric with respect to the y-axis;
thus, it suffices to graph the curve for ¢ > 0. For r = 0, we have ¢(0) = (0, 0) and the y-coordinate y(t) = t2 tends to oo
as t — oo. To analyze the x-coordinate, we graph x(¢) = 13— 4¢ fort > 0:

[ ]

x=1 —4

We see that x(1) < 0 and decreasing for 0 < ¢ < 2/«/5, x(t) < 0 and increasing for 2/\/§ <t <2andx(t) > 0and
increasing for r > 2. Also x(#) tends to 0o as t — oo. Therefore, starting at the origin, the curve first directs to the left of
the y-axis, then at 1 = 2/+/3 it turns to the right, always keeping an upward direction. The part of the path for < 0 is
obtained by reflecting across the y-axis. We also use the points ¢(0) = (0, 0), c(1) = (=3, 1), c¢(2) = (0, 4) to obtain the
following graph for c(#):

t=1 (=3, 1)

t=0

Graph of ¢(t) fort > 0. Graph of ¢(¢) for all z.

48. Sketch c(r) = (12 — 41,9 — %) for —4 <t < 10.

SOLUTION The graphs of x(¢) = 2 — 4t and y(@)=9— 12 for —4 < ¢ < 10 are shown in the following figures:
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30
20 1 -
107 /\
/ﬁ 3 6 9
X
4 2 4 6 8 10

x(t) =12 — 4¢ y(t) =9 —12

The curve starts at c(—4) = (32, —7). For —4 < t < 0, x(¢) is decreasing and y(¢) is increasing, so the graph turns to the
left and upwards to ¢(0) = (0, 9). Then for 0 < t < 2, x(¢) is decreasing and so is y(¢), hence the graph turns to the left
and downwards towards ¢(2) = (—4, 5).

For2 <t < 10, x(¢) is increasing and y(¢) is decreasing, hence the graph turns to the right and downwards, ending at
c(10) = (60, —91). The intercept are the points where 22—t =1(t — 4)=00r9 — 2 =0, thatis t = 0, 4, +3. These
are the points ¢(0) = (0,9), c(4) = (0, =7), c(3) = (-3, 0), c(—3) = (21, 0). These properties lead to the following
path:

t=0/(0,9)
A
[_2‘(74‘5); N\ 21, 0)
X
1=3.(-3.0) ,:7\
1=4%(0,-7) ‘?:_4
32,-7)

In Exercises 49-52, use Eq. (7) to find dy/dx at the given point.

49. 3,12-1), t=-4

SOLUTION By Eq. (7) we have

dy Yo @-1)  u 2

dx — X0 @ 32 3
Substituting t = —4 we get
dy 2 2
dx  3t|,__4 3-(=4 6

50. 2t +9,7t=9), t=1

SOLUTION We find %:

dy (1t=9' 7 _dy 7
dx  (2t+9) 2 Tdx|_; 2
51, (s—1 —3s5,53), s=-—1
soLUTION Using Eq. (7) we get
dy Y D 382 354

dx ~ x'(s) (s~ —3s) T _s2_3 - — 352
Substituting s = —1 we obtain

dy  3s* 3. (=n? 3

dx T —1-32|_,  —1-3-(1? &
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52. (sin26,cos36), 6 =%

soLUTION Using Eq. (7) we get

dy y'() —3sin36
dx ~ x’(®) ~ 2cos20

Substituting 6 = % we get

dy  —3sin30 _ —3sinF 3

=" = = =-3
dx 200820 |p—rse  2c08 % 2.

Df—

In Exercises 53-56, find an equation y = f(x) for the parametric curve and compute dy/dx in two ways: using Eq. (7)
and by differentiating f (x).

53. c(t)=(Qt+1,1—9)

x—1
SOLUTION Since x = 2t + 1, we have t = — Substituting in y = 1 — 9¢ we have

x—1 9 11
y=1-9 2 =—=x+ =

2 2

9 11 d 9 d
Differentiating y = _Ex + 5 gives d—y =3 We now find d—y using Eq. (7):
x X

dy Y@ (1-9" 9

dx ~ X)) Q+1) " 2

54. c(t) = (1. 32 —1)

SOLUTION Since x = %t we have t = 2x. Substituting in y = }‘tz — t yields

1
y= Z(ZX)Z —2x = x% —2x.

We differentiate y = X2 — 2x:

Now, we find 42 using Eq. (7). Thus,

dy Y@ (%fz—f)/ Tr—1

dx X)) <1t>’ !

Since t = 2x, then this ¢t — 2 is the same as 2x — 2.
55. x =s3, y =s6—|—s_3

SOLUTION We find y as a function of x:
2 -1
y:sﬁ—}-s73 = (s3) +(s3) :x2+x7].

We now differentiate y = x2 4+ x~L. This gives

d
& =2x —x"2.
dx

Alternatively, we can use Eq. (7) to obtain the following derivative:

6, —3Y
dy y'(s) (S +s ) 659 — 3574

— — — -2 3 76.
dx _ x(5) (3 352 S

Hence, since x = s3,
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56. x =cosf, y=cosf + sin? 0
SOLUTION To find y as a function of x, we first use the trigonometric identity sin20 = 1 — cos20 to write
y=cosf+1— cos26.

We substitute x = cos 6 to obtain y = x 4 1 — x2. Differentiating this function yields

dy
— =1-2x.
dx o

Alternatively, we can compute % using Eq. (7). That is,

. 2 4
dy y' () _ (COSG+Sm 9) _ —sin6 4 2sin6 cos
dx ~ X' (0) (cos9) - —sinf

=1-—2cos6.

Hence, since x = cos 9,

d
o
dx
57. Find the points on the curve c(t) = (3t2 —2,13 — 61) where the tangent line has slope 3.

SOLUTION We solve

dy 3t2-6
dx ~ 6t —2

or3t2 —6 =18t — 6, or t2 — 6t = 0, so the slope is 3 at t = 0, 6 and the points are (0, 0) and (96, 180)
58. Find the equation of the tangent line to the cycloid generated by a circle of radius 4 at r = %
SOLUTION The cycloid generated by a circle of radius 4 can be parametrized by
c(t) = (4t —4sint,4 — 4cost)
Then we compute
dy
dx

4sint

t=n/2_ 4 —4cost 4

t=m/2

so that the slope of the tangent line is 1 and the equation of the tangent line is

y—(4—4cos%)=1~<x—<4~%—4sin%)) or y=x+8-2m7

In Exercises 59-62, let c(t) = (l2 —9,¢2— 8t) (see Figure 17).

y
60 1
404,

%/X

| 0 5 60

FIGURE 17 Plotof c(t) = (12 — 9, 12 — 81).

59. Draw an arrow indicating the direction of motion, and determine the interval of #-values corresponding to the portion
of the curve in each of the four quadrants.

SOLUTION We plot the functions x(t) = t2 — 9 and y() = 2 — 8t

X y

-3 3 ;
32-1 \123456789
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We note carefully where each of these graphs are positive or negative, increasing or decreasing. In particular, x(¢) is
decreasing for ¢ < 0, increasing for ¢ > 0, positive for |f| > 3, and negative for || < 3. Likewise, y(#) is decreasing for
t < 4, increasing for ¢ > 4, positive for r > 8 or t < 0, and negative for 0 < ¢t < 8. We now draw arrows on the path
following the decreasing/increasing behavior of the coordinates as indicated above. We obtain:

y
60 /

/

t=-3(0,33)
/s
=0 =8
(-9,0) (55,00 .~
X
—20 20 407 60
= 3\\ /"
(0-15) t=4(7.~16)

This plot also shows that:

o The graph is in the first quadrant for+ < —3 or ¢ > 8.
e The graph is in the second quadrant for —3 < ¢ < 0.
e The graph is in the third quadrant for 0 < ¢ < 3.

e The graph is in the fourth quadrant for 3 < ¢ < 8.

60. Find the equation of the tangent line at r = 4.

SOLUTION Using the formula for the slope m of the tangent line we have:

~ (t2 - St)/

dy 2t — 8| ] 4| 0
m = — = = g = — —|s—aqa = U.
dx 1 (tz _ 9)/ —a 2t =4 P t=4
Since the slope is zero, the tangent line is horizontal. The y-coordinate corresponding tor =4is y = 42 _8.4=—16.
Hence the equation of the tangent line is y = —16.
61. Find the points where the tangent has slope %
SOLUTION The slope of the tangent at 7 is
!/
2
dy (f —8f> _u-8_ 4
dx (12 —9) oo T t

The point where the tangent has slope % corresponds to the value of 7 that satisfies

dy_l 4_1:>4_1:>l_8
dx — 2 2 o

We substitute t = 8 in x(t) = t2 —9and y() = t2 — 8t to obtain the following point:
x(8) =82 -9 =55

5 = (55,0
y(8) =82 -8.8=0

62. Find the points where the tangent is horizontal or vertical.

SOLUTION In Exercise 61 we found that the slope of the tangent at # is

dy 1 4 -4
dx ¢ t
The tangent is horizontal where its slope is zero. We set the slope equal to zero and solve for . This gives

r—4
——=0=1=4

The corresponding point is
(X(4), y(4) = (4> —9,4> —8 - 4) = (7, -16).
The tangent is vertical where it has infinite slope; that is, at + = 0. The corresponding point is

(x(0), y(0)) = (0> = 9,0> — 8-0) = (=9, 0).
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63. Let A and B be the points where the ray of angle 6 intersects the two concentric circles of radii » < R centered at
the origin (Figure 18). Let P be the point of intersection of the horizontal line through A and the vertical line through B.
Express the coordinates of P as a function of 6 and describe the curve traced by P for 0 < 6 < 27.

=

/.

/Jr RX

,
y
y
A/
2
(2]

A

FIGURE 18

SOLUTION We use the parametric representation of a circle to determine the coordinates of the points A and B. That is,
A = (rcosf,rsinf), B = (Rcosf, Rsin0)
The coordinates of P are therefore
P = (Rcos6, rsinf)

In order to identify the curve traced by P, we notice that the x and y coordinates of P satisfy % = cos 0 and % =siné.
Hence

2 2
(%) + (%) = cos?0 + sin%0 = 1.

The equation

X\2  /y\2
sl Z) =1
() ()
is the equation of ellipse. Hence, the coordinates of P, (R cos#, r sin 6) describe an ellipse for 0 < 6 < 2m.

64. A 10-ft ladder slides down a wall as its bottom B is pulled away from the wall (Figure 19). Using the angle 6 as
parameter, find the parametric equations for the path followed by (a) the top of the ladder A, (b) the bottom of the ladder
B, and (c) the point P located 4 ft from the top of the ladder. Show that P describes an ellipse.

]
A\ P=(y
6
9 —"
B
FIGURE 19

SOLUTION
(a) We define the xy-coordinate system as shown in the figure:

y

A
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As the ladder slides down the wall, the x-coordinate of A is always zero and the y-coordinate is y = 10sin6. The
parametric equations for the path followed by A are thus

x =0, y=10sinf, 0 is between % and 0.

The path described by A is the segment [0, 10] on the y-axis.

(b) As the ladder slides down the wall, the y-coordinate of B is always zero and the x-coordinate is x = 10cos . The
parametric equations for the path followed by B are therefore

x =10cosf,y =0, 0 isbetween % and 0.

The path is the segment [0, 10] on the x-axis.

X

10

(¢) The x and y coordinates of P are x = 4 cosf, y = 65sin 6. The path followed by P has the following parametrization:

c(@) = (4cosh, 6sin6h), 6 is between % and 0.

As shown in Example 4, the corresponding path is a part of an ellipse. Since 6 is varying between % and 0, we obtain the
part of the ellipse in the first quadrant.
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In Exercises 65-68, refer to the Bézier curve defined by Egs. (8) and (9).
65. Show that the Bézier curve with control points
Py=(1,4, P =@3,12), P, =(6,15), P3=(7,4)
has parametrization
() = (1 + 6 + 312 =363, 4 + 241 — 1512 — 91)

Verify that the slope at = 0 is equal to the slope of the segment Py P;.

SOLUTION For the given Bézier curve we have ag = 1,a1 = 3,ap = 6,a3 = 7,and by = 4,b1 = 12,bp = 15,b3 = 4.
Substituting these values in Eq. (8)—(9) and simplifying gives

x(t) =1 =03 +9t(1 -2+ 1821 — 1) + 713
=1-3t+32 =3 +90(1 — 2t + %) + 18> — 18¢% + 7
= 1-3t+32 =3 +9 — 182 + 93 + 1812 — 183 +71°
=32 4+32+6r+1
y(t) = 4(1 — )3 +36t(1 — 1) +45¢2(1 — 1) + 4¢3
=4(1 — 3t + 312 = 13) + 361 (1 — 2 + 12) + 45¢> — 4563 + 4¢3
=4 — 121 + 1267 — 413 4+ 361 — 721% 4 3617 + 451> — 453 + 43
=4+ 241 — 15¢> — 913
Then
c(t) = (1460 43> =33 44241 — 152 —9%), 0<r<1.
We find the slope at r = 0. Using the formula for slope of the tangent line we get

dy (4424t —15:2 - 93 2430t — 2712 dy 24
- — = = =
dx (146t +3t2 — 313y 6 + 6t — 92 dx|,—g 6

The slope of the segment Py P; is the slope of the line determined by the points Py = (1,4) and P; = (3, 12). That is,

% = 2 = 4. We see that the slope of the tangent line at # = 0 is equal to the slope of the segment Py Py, as expected.

66. Find an equation of the tangent line to the Bézier curve in Exercise 65 at t = %

SOLUTION We have

dy y@' 24-30: 27

dx — x(t) T 65t — 92
1
sothatats = 3,
dy 2430t — 2742 11
dx t=1/3_ 6+ 6t —9¢2 121/3_ 7

and

Thus the tangent line is

ool 29 1 +311
o M D .
Y 7" 7% o= 63

67. £A'S  Find and plot the Bézier curve c(z) passing through the control points
Ph=@G2, P1=02), =064, P=24%

SOLUTION Setting ag = 3,a; = 0,ay = 5,a3 = 2, and by = 2, b = 2, bp = 4, b3 = 4 into Eq. (8)—(9) and
simplifying gives

x(@) =31 — 1) + 0+ 152(1 — 1) + 2¢3
=31 =3t +3t2 —3) + 152 = 1563 + 213 =3 — 9t + 2412 — 1613
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y(t) =2(1 — )3 +61(1 — )2 +1262(1 — 1) + 413
=2(1 =3t +3t2 — £3) + 61(1 — 2t + %) + 1262 — 123 + 4¢3
=26t + 62 =263 + 6t — 1262 + 667 + 1262 — 1263 + 43 =2 4+ 612 — 413

We obtain the following equation
) =GB -9 +242 16132+ 61> —4%), 0<r<1.
The graph of the Bézier curve is shown in the following figure:

y

2
2 &

68. Show that a cubic Bézier curve is tangent to the segment P, P3 at Ps.

SOLUTION The equations of the cubic Bézier curve are
x(t) = ag(1 — )% 4+ 3a11(1 — )% + 3apt>(1 — 1) + azt>
y(t) = bo(1 — )3 + 3b11(1 — )% + 3byt2(1 — 1) + bst>
We use the formula for the slope of the tangent line to find the slope of the tangent line at P3. We obtain

dy Y@ _ =3bg(1 =0 +3b1((1 —1)* =26(1 = 1) +3by (1 — 1) — 1%) + 3b31?

= = 1
dx  xX'@)  =3ag(1 =02 +3a1((1 —1)2 =2t(1 — 1)) +3a22r(1 — 1) — 12) + 3azt? @
The slope of the tangent line at P3 is obtained by setting # = 1 in (1). That is,
0+4+0—3by+3b b3y — by
my = 3 03 )

T 04+0-3ar+3a3 a3 —a
We compute the slope of the segment P, P3 for P, = (ap, bp) and P3 = (a3, b3). We get

_b3—by

my =
az —ajz

Since the two slopes are equal, we conclude that the tangent line to the curve at the point P3 is the segment P, P3.

69. A bullet fired from a gun follows the trajectory
x=at, y=bt—16t> (a,b>0)
Show that the bullet leaves the gun at an angle 0 = tan~! (%) and lands at a distance ab/16 from the origin.

SOoLUTION The height of the bullet equals the value of the y-coordinate. When the bullet leaves the gun, y(f) =

t(b — 16t) = 0. The solutions to this equation are t = 0 and t = %, with ¢ = 0 corresponding to the moment the bullet
leaves the gun. We find the slope m of the tangent line at r = O:

b

d (¢ b —32t b —32t
y _y@® _ =

dx ~ X))  a a

t=0

It follows that tan 6 = g or6 = tan~ ! (2) The bullet lands at t = 1b—6 We find the distance of the bullet from the origin

at this time, by substituting t = lb—ﬁ in x(¢) = at. This gives

b ab
x| —)=—
16 16
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70. TAS Plotc(r) = (13 — 41, t* — 122 + 48) for —3 < ¢ < 3. Find the points where the tangent line is horizontal
or vertical.
SOLUTION The graph of ¢(¢) = (13 — 41, 1% — 1212 + 48), —3 <t < 3 is shown in the following figure:

-15 -10 -5 5 10 15
We find the slope of the tangent line at 7:

dy ¥y  (*—1202+48) 4’ 24

dx — x'(x) (3 — 41) 3t2 —4 @

The tangent line is horizontal where f’% = 0. That is,

413 —24¢
312 —4

We find the corresponding points by substituting these values of ¢ in ¢(¢). We obtain:

c(0) = (0, 48), c(—v/6) ~ (=4.9,12), c(v/6) ~ (4.9, 12).

—0=4(2—6)=0=1=0, t = /6, t = V6.

The tangent line is vertical where the slope in (1) is infinite, that is, where 332 —4=0o0rt= :i:% ~ +1.15. We find

73
the points by setting t = :I:l3 in c(t). We get

/3
(2) (=3.1,33.8) < 2) (3.1, 33.8)
c|l— )~ (-3.1,33.8), c|—— )~ (3.1,33.8).
V3 V3

71. £AS  Plot the astroid x = cos® 6, y = sin 6 and find the equation of the tangent line at § = Z.
SOLUTION The graph of the astroid x = cos6,y = sin® 6 is shown in the following figure:

v
0=2.0,1)

/ \ 0=0
(

1;0)

(fl: 0) \ /

3
=270,
The slope of the tangent line at 6 = % is
d sin3 9) 3sin? 6 cos f sin 6
m:—y :(73)/ =5 = — ’ = —tané =3
dxlg_zs3  (c08’0) lg—r/3  3cos*0(—sinb)lg—z/3 cost gz /3 /3

We find the point of tangency:
: V3
() (3) = (o T D) = (1.5F)

The equation of the tangent line at 6 = % is, thus,

y_¥=_ﬁ(x_%>:y=_ﬁx+§

72. Find the equation of the tangent line at t = % to the cycloid generated by the unit circle with parametric equation (5).

SOLUTION We find the equation of the tangent line at t = % to the cycloid x =t —sin¢, y = 1 — cos¢. We first find

. . dy .
the derivative T
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dy y'(t) (1—cost)’  sint
dx — x'(t)  (r—sint) 1 —cost

The slope of the tangent line at ¢ = % is therefore:

in T
Sin g 7 1

_ Y _
i=nj4 1 —cosg -2 S V2-1

T dx

m

We find the point of tangency:

. V2 V2
(x(j),y(j))z(j_smj,l_cosj)z(j_;,1_;)

The equation of the tangent line is, thus,

V2 1 T W2 1
Dbl D) b

73. Find the points with horizontal tangent line on the cycloid with parametric equation (5).

R

SOLUTION The parametric equations of the cycloid are
x=t—sint, y=1-—cost
We find the slope of the tangent line at #:

dy (1 —cost) sin ¢

dx ~ (t—sint) 1 —cost

The tangent line is horizontal where it has slope zero. That is,

d int sint =0
a_ sty o = t=Qk—Dm, k=0,+1,42, ...
dx 1 —cost cost # 1

We find the coordinates of the points with horizontal tangent line, by substituting = (2k — 1)z in x(¢) and y(¢). This
gives

x =2k — 1 —sin(2k — r = 2k — D«
y=1—-cos(Rk—Dm)=1—-(-1)=2
The required points are

(2k —Dm,2), k=0,%1,%2,...

74. Property of the Cycloid Prove that the tangent line at a point P on the cycloid always passes through the top point
on the rolling circle as indicated in Figure 20. Assume the generating circle of the cycloid has radius 1.

y Tangent line

Cycloid

FIGURE 20

SOLUTION The definition of the cycloid is such that at time ¢, the top of the circle has coordinates Q = (¢, 2) (since at
time ¢ = 27 the circle has rotated exactly once, and its circumference is 2;r). Let L be the line through P and Q. To show
that L is tangent to the cycloid at P it suffices to show that the slope of L equals the slope of the tangent at P. Recall that
the cycloid is parametrized by c(t) = (¢ — sint, 1 — cost). Then the slope of L is

2—(1—cost) 1+cost

t—(t—sint)  sint
and the slope of the tangent line is
y'(r) (1—cost)’  sint  sinz(l4cosr) sinz(l4cosr) 14 cost
x'(t) ~ (t —sint)y ~ 1—cost = 1—cos2t sin ¢ T sint

and the two are equal.
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75. A curtate cycloid (Figure 21) is the curve traced by a point at a distance 4 from the center of a circle of radius R
rolling along the x-axis where & < R. Show that this curve has parametric equations x = Rt — hsint,y = R — hcost.

o 4n
FIGURE 21 Curtate cycloid.
SOLUTION Let P be a point at a distance /& from the center C of the circle. Assume that at = 0, the line of CP is

passing through the origin. When the circle rolls a distance Rt along the x-axis, the length of the arc @ (see figure) is
also Rt and the angle ZSC Q has radian measure t. We compute the coordinates x and y of P.

Xx=Rt —PA=Rt—hsin(w —t) = Rt — hsint
y=R—|—ﬁ=R+hcos(n—t) =R — hcost
We obtain the following parametrization:

x =Rt —hsint, y=R — hcost.
76. CAS  Useacomputer algebra system to explore what happens when 2 > R in the parametric equations of Exercise
75. Describe the result.

SOLUTION Look first at the parametric equations x = —hssint, y = —h cost. These describe a circle of radius /. See
for instance the graphs below obtained for # = 3 and & = 5.

<

c(t) = (=h*sin(t), —h*cos(t)) h=3, 5

Adding R to the y coordinate to obtain the parametric equations x = —hsint, y = R — hcost, yields a circle with its
center moved up by R units:

c(t) = (=h*sin(f), R—h*cos(f)) R=1,5h=5
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Now, we add Rt to the x coordinate to obtain the given parametric equation; the curve becomes a spring. The figure below

shows the graphs obtained for R = 1 and various values of 4. We see the inner loop formed for 4 > R.

y

X

-1 -8 =6 -4 22 2\/4 678

71. & Show that the line of slope ¢ through (—1, 0) intersects the unit circle in the point with coordinates
1—1¢? 2t
X=—, = — (10|
211 T2t

Conclude that these equations parametrize the unit circle with the point (—1, 0) excluded (Figure 22). Show further that
t=y/(x+1).

6 y)
Slope ¢

1.0) .

FIGURE 22 Unit circle.

SOLUTION The equation of the line of slope ¢ through (—1,0) is y = #(x + 1). The equation of the unit circle is

X2+ y2 = 1. Hence, the line intersects the unit circle at the points (x, y) that satisfy the equations:
y=tkx+1) 6))
2y =1 @)
Substituting y from equation (1) into equation (2) and solving for x we obtain
Crle+i=1
2ot =1
A+ 422+ > —1)=0
This gives
22+ A 42+ (2 —1)  —22+2  +1 -2
2= 20 +12) T2+ 1412
—2
Sox; = —land x = e The solution x = —1 corresponds to the point (—1, 0). We are interested in the second

point of intersection that is varying as ¢ varies. Hence the appropriate solution is
1—¢2
X =
2+1

We find the y-coordinate by substituting x in equation (1). This gives
—1? 1—-12+12+1 2t

1
=tx+1)=t +1)=t- =
y=u ) (z2+1 ) 2 4+1 241

We conclude that the line and the unit circle intersect, besides at (—1, 0), at the point with the following coordinates:

1—1¢2 2t -
X = , = —_———
Y 241

1241
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Since these points determine all the points on the unit circle except for (—1, 0) and no other points, the equations in (3)
parametrize the unit circle with the point (—1, 0) excluded.

We show that t = L. Using (3) we have
x+1

2t 2t 2t
D e 1241 _ 251 —¢
x+1 1—12 +1 11241241 2 2
1241 1241 241

78. The folium of Descartes is the curve with equation 4+ y3 = 3axy, where a # 0 is a constant (Figure 23).

(a) Show that the line y = tx intersects the folium at the origin and at one other point P for all # #= —1, 0. Express the
coordinates of P in terms of 7 to obtain a parametrization of the folium. Indicate the direction of the parametrization on
the graph.

(b) Describe the interval of ¢-values parametrizing the parts of the curve in quadrants I, II, and IV. Note thatr = —1 isa
point of discontinuity of the parametrization.

(¢) Calculate dy/dx as a function of # and find the points with horizontal or vertical tangent.

FIGURE 23 Folium x3 + y3 = 3axy.

SOLUTION
(a) We find the points where the line y = tx (¢ # —1, 0) and the folium intersect, by solving the following equations:

y=1x M
4+ y3 = 3axy )
Substituting y from (1) in (2) and solving for x we get
x4+ 353 = 3axix

A +3Hx3 —3arx? =0

3at
2 3
x“(x(1+17)—=3at) =0=x;1 =0, xp = ——
(e(1+1%) = 3an) i 2=
Substituting in (1) we find the corresponding y-coordinates. That is,
3at 3ar?
=t-0=0, =t =
. eI T8

We conclude that the line y = tx, r # 0, —1 intersects the folium in a unique point P besides the origin. The coordinates
of P are:
3at 3ar?
X = y V= s
1+3 7 T 148

t#0,-1

The coordinates of P determine a parametrization for the folium. We add the origin so t = 0 must be included in the

interval of #. We get
o 3at 3ar? 41
c(t) = , , -
1+3" 14143

To indicate the direction on the curve (for a > 0), we first consider the following limits:

lim x(t) =00 lim y(r) =—o0
t——1— t—>—1—

lim x(t) = lim x(#) =0 lim y()= lim y()=0
t——00 —00 t——00 t—0o0

lim x(t) = —o0 lim y(t) = o0
t——14+ t——1+

lim x(z) =0 lim y(r) =0
t—0 t—0
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These limits determine the directions of the two parts of the folium in the second and fourth quadrant. The loop in the
37“, 37“) toc(2) = (%a, %‘1) where

first quadrant, corresponds to the values 0 < ¢ < oo, and it is directed from c(1) = (
t = 1 and ¢t = 2 are two chosen values in the interval 0 < ¢ < co. The following graph shows the directed folium:

™ @
t=—1r\01=0
\ =00 .

t=—1-
(b) The limits computed in part (a) indicate that the parts of the curve in the second and fourth quadrants correspond

to the values —1 <t < 0 and —oo < t < —1 respectively. The loop in the first quadrant corresponds to the remaining

interval 0 <t < oo.
(c) We find the derivative % using the Formula for the Slope of the Tangent Line. We get
6at (1+13)—3at*-312
_6ar—3ar* 12 —13)

3at\’
dy _ ¥ (@) _ (1+r3) _ (1413)? _ _
dx  x'(t) ( 3at )’ 3a(1+13)—3at-312 3a — 6at3 1—23
1413 (1+3)

Horizontal tangent occurs when % = 0. That is,
t2—13
( )=0:>t(2—t3)=0,1—2t37502>t=0,l=\3/§.

1—273

The corresponding points are:

¢(0) = (x(0), y(0)) = (0, 0)
3 3 3 9\3/7 a\3/7 3 3
()= (: (195 (1) - (355 15 ) - (92.039)

Vertical tangent line occurs when ;l% is infinite. That is,
1

1-2=0=1=——

7

The corresponding point is

1 1 1 zi 27“

‘ (?) B <x (T) - <T)) = | % 7 | = (YA, V2a).
2 2 J2 145 1+5

79. Use the results of Exercise 78 to show that the asymptote of the folium is the line x + y = —a. Hint: Show that

lim (x +y) = —a.
t——1
SOLUTION We must show that as x — 0o or x — —oo the graph of the folium is getting arbitrarily close to the line
X 4+ y = —a, and the derivative % is approaching the slope —1 of the line.

In Exercise 78 we showed that x — cowhent — (—17)andx — —oowhent — (—17). We first show that the graph
is approaching the line x + y = —a as x — o0 or x — —o00, by showing that t_l)ir_nl_x +y= t_l)ir_nH_x +y=—a.

a > 0, calculated in Exercise 78, we obtain using L’Hopital’s Rule

For x(1) 3at © 12
orx(t) = —, = —,
1+ 7 T3
lim (x+y) lim 3at+3at2 lim 3a + 6at 3a — 6a
i X = i ——— = 1l = = —a
t—>—1— Ve T t—>—1—  3f2 3
3a + 6at 3a — 6a
= = —d

3at + 3ar? .
= lim
t——1+ 312 3
dy 6at — 3at* . .
= computed in Exercise

Iim (x+y)= Ilim
t—>—1+( Y) t>—1+ 1413
" 3a —6at3

d
We now show that et is approaching —1 ast — —1—andast — —1+. Weuse I
X
_ —9a
" 9a

=-1

78 to obtain
. dy 6at — 3at*
lim — = lim
t—>—l—dx t——1— 3aq— 6at3
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dy . 6at — 3at* —9a
- = m —7 = = —
t—>—1+dx t—>—1+ 3aq — 6at> 9a
We conclude that the line x + y = —a is an asymptote of the folium as x — oo and as x — —oo.

80. Find a parametrization of x2'+1 4 2141 — g3 y" \where a and n are constants.

SOLUTION Following the method in Exercise 78, we first find the coordinates of the point P where the curve and the
line y = tx intersect. We solve the following equations:

y=tx

x2n+l +y211+l — axnyn

Substituting y = zx in the second equation and solving for x yields

x2n+l + t2n+1x2n+1 = ax" .
a +t2n+])x2n+l _alnx2n =0
A+ 2 Yy —a") =0 x =0, x = _art
’ 1 4 ¢2n+1

We assume that t #= —1 (so 1 + 2+l # 0) and obtain one solution besides the origin. The corresponding y coordinates
are

at™ armtl
=fx=t- =
y 1 + ¢2n+1 1+ ¢2n+1
at" ar"t!
Hence, the points x = TS y = st t # —1, are exactly the points on the curve. We obtain the following
parametrization:
at" at”+] f 1
X=——F—, V= —5—7, —1.
1+[2n+1 1_|_t2n+1

81. Second Derivative for a Parametrized Curve Given a parametrized curve c(t) = (x(¢), y()), show that

i(dl) _ Y@y =y 0x" @

dr \dx x/(1)2
Use this to prove the formula
d’y  x'(0)y"(1) =y (O)x" (1)
dx? x/(1)3

SOLUTION By the formula for the slope of the tangent line we have

dy y'@)

dx — X1

Differentiating with respect to 7, using the Quotient Rule, gives

dt

d (dy> _d (y%t)) X0y () =y 0)x" @)

dx )~ dt \x'(t) x/(1)2

By the Chain Rule we have
Ay _d (dy\_d (dy) dr
dx2 dx \dx) dt \dx) dx

dt 1 1
Substituting into the above equation <and using prial Jdi = /(t)> gives
x X X

A2y X0y’ —-yox' 0 1 Xy o) -y ox" @)

dx - X(1)2 FON /(1)
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82. The second derivative of y = x2 is dy?/d2x = 2. Verify that Eq. (11) applied to c(t) = (z, t2) yields dy?/d*x = 2.
In fact, any parametrization may be used. Check that ¢(¢) = (t3, t6) and c(t) = (tant, tan2 t) also yield dyz/dzx =2.

SOLUTION For the parametrization c(¢) = (z, t2), we have
YO=1, xX"©=0, y@y=2, y'@)=2
so that indeed

X0y 0 =y Ox"@) _1:2-2t-0 _

2
x/(l)3 13

For c(t) = (t3, t6), we have
X)) =32, x'y=6t, y@)y=6, ') =30*
so that again

X0y =y Ox" (1) 3¢2-30% — 66561 545
x/(1)3 a (3t2)3 S 2ms

Finally, for ¢(¢) = (tant, tan2 1),
X' = sec? t, x//(t) — 2tan f sec? t, y/(t) — 2tant sec? t, y”(t) = 6sectr — 4sec?t

and

x'()y" (1) =y (Ox" (1) sec? t(6sect t — dsec?t) — 2tant sec? (2 tant sec2 1)

X' (1)3 N sec ¢
6secOt —dsectt —4sectrtan®t  6secO t — 4sect t(1—1+ sec? 1))
N secO - secl 1
2 sec® 1 _
T osechr

In Exercises 83-86, use Eq. (11) to find dzy/dxz.

83 x=13412, y=712-4, t1=2

SOLUTION We find the first and second derivatives of x(#) and y(¢):

K@) =3%+2= X2 =3-2242.2=16
Xy=6t4+2 =x"Q=6-24+2=14
y () = 14t =3y (2)=14-2=28
y'(t) =14 =y'2) =14
Using Eq. (11) we get

>y XY O-yox"®|  16-14-28-14 21

dx? ;= X' (1)? =2 16° - s12

84. x:s_1+s, y:4—s_2, s=1

1 2

SOLUTION Since x/(s) = s 241=1- —.we have x/(1) = 0. Hence, Eq. (11) cannot be used to compute d% at
s X

s=1.

85. x=8t+9, y=1—4t, t=-3

SOLUTION We compute the first and second derivatives of x(#) and y(¢):
X)) =8 = x'(-3)=8
X'(t)=0 =x"(-3)=0
Y1) =—4= y'(=3) =4
Y'y=0 =)"(=3)=0
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Using Eq. (11) we get

d*y _ XY 3 -y I3 80— (=40 _
dx2 =3 - x’(—3)3 - 83 -

86. x =cos6, y=sing, 6=7

SOLUTION We find the first and second derivatives of x(8) and y(6):

0=-sne = () =7
*(0) = —cos6 = 5" (7)) = f
YO =coso = v (T) = ?

y'(6) = —sing = v (T) = ?

Using Eq. (11) we get

& Y@y @y @@ CHCH-F D
G (-2

2
dx=lo=2 (x 5

[3S)
S

[ )

87. Use Eq. (11) to find the z-intervals on which c(¢) = (t2, - 4t) is concave up.

2
SOLUTION The curve is concave up where d—}zi > (. Thus,
x
!/ t " t t 4 t
X (Dy" (@) — 3()X() 0 n
x'(1)
We compute the first and second derivatives:
X' () =21, X)) =2

Yy =3 -4, Y@y =6t
Substituting in (1) and solving for 7 gives

122 — (6> —8) 612 +38
813 -8

Since 612 + 8 > 0 for all 7, the quotient is positive if 813 > 0. We conclude that the curve is concave up forz > 0.

88. Use Eq. (11) to find the z-intervals on which c(¢) = (t2, - 4t) is concave up.

d2
SOLUTION The curve is concave up where — ) y > 0. That is,
x

x'(0)y" (1) = ¥ ()x" (1)
/(t)3

>0 ey

We compute the first and second derivatives:
x'(t) = 2t, X)) =2
I 3 " 2
y(@) =4 -4, y'(t)=12t
Substituting in (1) and solving for ¢ gives

2413 — 83 —8)  16r° +8 .

813 83 23

1 1
This is clearly positive for # > 0. For ¢ < 0, we want 1 + v > 0, which means v > —1,50213 < —1 (by taking the
t -

reciprocal of both sides), so t < — Thus, we see that our curve is concave up for t < —% and for ¢ > 0.

1
7
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89. Area Under a Parametrized Curve Letc(t) = (x(¢), y(¢)), where y(t) > 0 and x’(¢) > O (Figure 24). Show that
the area A under c(¢) forty <t <1t is

t
A= / yox 0 ar
0]

Hint: Because it is increasing, the function x () has an inverse ¢t = g(x) and c(¢) is the graph of y = y(g(x)). Apply the

change-of-variables formula to A = ;((z.l;)l)) y(g(x))dx.

c(t)

x(tg) x(ty)

FIGURE 24

SOLUTION Let xg = x(#p) and x; = x(¢;). We are given that x’(¢) > 0, hence x = x(¢) is an increasing function of
t, so it has an inverse function r = g(x). The area A is given by f;)] y(g(x))dx. Recall that y is a function of ¢ and

t = g(x), so the height y at any point x is given by y = y(g(x)). We find the new limits of integration. Since xg = x(fy)

and x| = x(#1), the limits for ¢ are £y and f;, respectively. Also since x’(¢) = fl—’t‘, we have dx = x’(¢)dt. Performing this
substitution gives

X1 I3
A= / V(g(o) dx = / (g (1) dr.
X

0 fo

4]
Since g(x) =, we have A = f y(0)x' (1) dt.
fp

90. Calculate the area under y = x2 over [0, 1] using Eq. (12) with the parametrizations (t3, t6) and (tz, 14).

SOLUTION The area A under y = xZ on [0, 1] is given by the integral

t
Azfly(t)x/(t)dt
I

0
where x(f9) = 0 and x (1) = 1. We first use the parametrization (t3, t6). We have x(t) = 13, y(t) = 10, Hence,
0=x(t)) =13 =10=0
l=x(t)=6=1=1

Also x/(t) = 312, Substituting these values in Eq. (12) we obtain

1 1 3
A:/ t6~3t2d1=/ 38 dr =240
0 0 9

Using the parametrization x (¢) = 12, y() = t4, we have x'(t) = 2t. We find £ and 1;:

1

3
973

0

Ozx(l()):lg:>t0=0
l=x(t)==n=1 o 1=-—L

Equation (12) is valid if x'(t) > 0, that is if # > 0. Hence we choose the positive value, #{ = 1. We now use Eq. (12) to
obtain

Both answers agree, as expected.
91. What does Eq. (12) say if c(t) = (¢, f(¢))?

SOLUTION In the parametrization x(t) = ¢, y(t) = f(t) we have x'(¢t) = 1, t9 = x(ty), t; = x(¢1). Hence Eq. (12)
becomes

n x(t1)
A :[ y()x' (1) dt =/ f@)dt
1 x(to)

0 (to

We see that in this parametrization Eq. (12) is the familiar formula for the area under the graph of a positive function.
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92. Sketch the graph of c(t) = (In¢,2 —¢) for 1 <t < 2 and compute the area under the graph using Eq. (12).

SOLUTION We use the following graphs of x(r) = Intand y(rf) =2 —tfor1 <t < 2:

y y

1 2 1 2
x(t) =Int yt)=2—1

We see that for 1 < ¢t < 2, x(¢) is positive and increasing and y(¢) is positive and decreasing. Alsoc(1) = (In1,2 — 1) =
(0,1)and ¢(2) = (In2,2 — 2) = (In 2, 0). Additional information is obtained from the derivative

dy @2-n" 1

dx  (nr)y ~ 1/t 7
yielding

d d

1 ad 2 2

dx | dx |=
We obtain the following graph:

=g

t=2 '
(In2,0) \ |

We now use Eq. (12) to compute the area A under the graph. We have x(¢) = Int, x'(t) = %, y@)=2—-tt9=1,11 =2.

Hence,
151 2 1 2 /9
A:f y(z)x’(;)dtzf (2_,).,d,=/ (7_1)&
fo 1 t 1 t

2

=2Int—t| =@2I2-2)—Q2Inl—1)=2In2—1~0.386

1

93. Galileo tried unsuccessfully to find the area under a cycloid. Around 1630, Gilles de Roberval proved that the area
under one arch of the cycloid c¢(f) = (Rt — Rsint, R — R cost) generated by a circle of radius R is equal to three times
the area of the circle (Figure 25). Verify Roberval’s result using Eq. (12).

N

FIGURE 25 The area of one arch of the cycloid equals three times the area of the generating circle.

SOLUTION This reduces to

2w 2w
/ (R — Rcost)(Rt — Rsint) dt = f R%(1 — cost)?dt = 37 R2.
0 0
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Further Insights and Challenges

94. Prove the following generalization of Exercise 93: For all ¢ > 0, the area of the cycloidal sector O PC is equal to
three times the area of the circular segment cut by the chord PC in Figure 26.

y y
P P
t t
R R
¢ X ¢ X
o C=(Rt,0) o C=(Rt,0)
(A) Cycloidal sector OPC (B) Circular segment cut
by the chord PC
FIGURE 26

SOLUTION Drop a perpendicular from point P to the x-axis and label the point of intersection 7', and denote by D the
center of the circle. Then the area of the cycloidal sector is equal to the area of O PT plus the area of PT C. The latter is

1
a triangle with height y(rf) = R — Rcost and base Rt — (Rt — Rsint) = Rsint, so its area is §R2 sint(1 — cost). The
area of O PT, using Eq. (12), is

t t t
/ y(u)x' (u) du = / (R — Rcosu)(Ru — Rsinu) du = sz (1 — cosu)? du
0 0 0
3 1
=R? (Et—2sint+ Esintcost>
so that the total area of the cycloidal sector is
3 1 1 1 1 1
R*(Z+—2sint + = sintcost +szsint(1—cost)=3 —R* — —R%sint :3-7R2(t—sint)
2 2 2 2 2 2

The area of the circular segment is the area of the circular sector D P C subtended by the angle ¢ less the area of the triangle

t t t 1
DPC. The triangle D PC has height R cos 3 and base 2R sin % so that its area is R cos 3 sin 5= §R2 sint, and the

. . t 1 . .
area of the circular sector is 7 R - Pyl — R%t. Thus the area of the circular segment is
54

1 5 )

—R*(t —sint

7 ( sint)
which is one third the area of the cycloidal sector.

95. & Derive the formula for the slope of the tangent line to a parametric curve c(¢) = (x(¢), y(¢)) using a method
different from that presented in the text. Assume that x’(#y) and y’(fo) exist and that x’(ty) # 0. Show that

y(to +h) = y(to) ¥ (t)
h—0x(tg +h) —x(t9) ~ x'(tp)

Then explain why this limit is equal to the slope dy/dx. Draw a diagram showing that the ratio in the limit is the slope
of a secant line.

SOLUTION Since y'(ty) and x’(t) exist, we have the following limits:

" y(to + h) — y(to)
im —mMm =
h—0 h

x(to + h) — x(tp) _

y'(10). h]ino Y x'(10) (¢))

We use Basic Limit Laws, the limits in (1) and the given data x’(tg) # 0, to write

to+h)— . ) (to+h)—y (t
Yo+ 1) = y(to) y(to }2 y(t0) hmhao}(o }Z y(to) - Y (10)

im = lim = =
h—0x(tg + h) — x(tg) h—0 x(foJrh]z*x(lo) limy,_0 X(t0+h}2*X(to) x'(tg)

1 h) — y(#
Notice that the quotient ygtoih—;yitoz is the slope of the secant line determined by the points P = (x(#g), y(¢p)) and
X (o — XU
Q = (x(ty + h), y(to + h)). Hence, the limit of the quotient as iz — 0 is the slope of the tangent line at P, that is the

. . dy
derivative T
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Yt h)

y(t)

Xy xgth)
96. Verify that the tractrix curve (¢ > 0)

t
c(t) = t—ﬁtanhaﬁsechi
¢ 1

has the following property: For all ¢, the segment from c(#) to (¢, 0) is tangent to the curve and has length ¢ (Figure 27).

=

c(t)

X
I t

FIGURE 27 The tractrix c(t) = ( - Etanh , £ sech K)

SOLUTION Let P = c(t) and Q = (¢, 0).

P(@), y(©)

0=(0)

The slope of the segment P Q is

_ Y -0 _ esech(p) 1
M RO -1 T Zewnh(5)  sinh (5)

We compute the slope of the tangent line at P:

dy _y'® _ (esech(f)) 13'%(—86011( ) tanh (7))

Cdx X)) (t — ¢tanh (L))/ B 1—¢- 5 sech2 (%
B —sech (%) tanh (4 )_—sech( ) tanh (% )_—sech(%) 1
B 1 — sech? (%) - tanh? (%) tanh (%) sinh (%)

Since m| = my, we conclude that the segment from c(#) to (¢, 0) is tangent to the curve.
We now show that |P Q| = ¢:

P—\/ 2 0?2 = Zthtzﬁhtz
701 =) -2 + 60 -0 = (— an z) +( sec <2)>
2 2 2 _ 2 2 2
\/E (tanh (Z)—i—sech (E)) K\/sech <Z>smh (Z)—i—sech (Z)
=Esech(£) sinh2< )—l—l—ﬁsech( )cosh<[>:é-1:£
Y4 l £ l
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97. In Exercise 54 of Section 10.1 (ET Exercise 54 of Section 9.1), we described the tractrix by the differential equation

dy _ y

dx [e2 — 2

Show that the curve c(¢) identified as the tractrix in Exercise 96 satisfies this differential equation. Note that the derivative
on the left is taken with respect to x, not 7.

SOLUTION Note that dx/dt = 1 — sech?(z/€) = tanh?(¢/£) and dy/dt = — sech(z/£) tanh(z /£). Thus,

dy _dy/di _ —sech(t/t)  —y/t
dx ~ dx/dt ~ tanh(t/0) — /1_y2/¢2

Multiplying top and bottom by €/€ gives

dy -y

dx 02— 42

In Exercises 98 and 99, refer to Figure 28.

98. In the parametrization c(¢) = (acost, bsint) of an ellipse, ¢ is not an angular parameter unless a = b (in which
case the ellipse is a circle). However, ¢ can be interpreted in terms of area: Show that if ¢(¢) = (x, y), thent = (2/ab)A,
where A is the area of the shaded region in Figure 28. Hint: Use Eq. (12).

y
x, y)

CH/ X
o x\2 /N2
FIGURE 28 The parameter 6 on the ellipse <7) + <7> =1
a b

SOLUTION We compute the area A of the shaded region as the sum of the area S| of the triangle and the area S, of the
region under the curve. The area of the triangle is

Xy (acost)(bsint)  absin2t
s =2 = - 1)
2 2 4

y

x, y)

/ >
The area S under the curve can be computed using Eq. (12). The lower limit of the integration is 7y = 0 (corresponds to
(a, 0)) and the upper limit is # (corresponds to (x(t), y(¢))). Also y(¢t) = bsint and x’(t) = —a sint. Since x'() < 0 on

the interval 0 < 7 < % (which represents the ellipse on the first quadrant), we use the positive value a sin ¢ to obtain a
positive value for the area. This gives

t t
52=/ bsinu-asinudu:ab/ sin?u du
0 0

tr1 o1 in2
:ab/ — — —cos2u | du = ab u_smou
o \2 2 2 4

|: t sin2t ] abt  absin2t
=ab — _

t

(@)

0

2 4
Combining (1) and (2) we obtain

absin2t abt absin2t abt
A=Sith=—r—t 0 -y =

_ 24
Hence, t = b
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99. Show that the parametrization of the ellipse by the angle 6 is

ab cos 0
X =
\/az sin? @ + b2 cos2 9
absin 6
y

a \/a2 sin? 6 + b2 cos2 6

SOLUTION We consider the ellipse

2 2
X y
— +==1.
a2 b2
For the angle 6 we have tan6 = % hence,
y =xtan6 (D)

Substituting in the equation of the ellipse and solving for x we obtain

x2  x%tan?0

a? b2
b2x? + a’x*tan%0 = a*b?
(aztan29 + 172)x2 = a%p?
2 a’p? a%b*cos?o

a?tan?0 + b2 a2sin%6 + b2cos20
We now take the square root. Since the sign of the x-coordinate is the same as the sign of cos 6, we take the positive root,

obtaining

‘o ab cos 0 )

Va2sin?6 + b2cos26

Hence by (1), the y-coordinate is

ab cosf tan 0 absin @

y=xtanf = =
\/azsinze + b2cos20 \/azsinze + b2cos26

©)

Equalities (2) and (3) give the following parametrization for the ellipse:

©) ( ab cos O absin6 )
cl = ,
\/azsinze + b2cos26 \/azsinze + b2cos26

11.2 Arc Length and Speed

Preliminary Questions
1. What is the definition of arc length?

SOLUTION A curve can be approximated by a polygonal path obtained by connecting points

po = c(tg), py = c(t1), ..., pN = c(n)

on the path with segments. One gets an approximation by summing the lengths of the segments. The definition of arc
length is the limit of that approximation when increasing the number of points so that the lengths of the segments approach
zero. In doing so, we obtain the following theorem for the arc length:

b
S = / VX O+ ¥ (02 dt,
a
which is the length of the curve c(t) = (x(z), y(¢)) fora <t < b.

2. What is the interpretation of v/x/(t)2 + y/(t)2 for a particle following the trajectory (x(¢), y(t))?

SOLUTION The expression y/x’ (t)2 +y (t)2 denotes the speed at time ¢ of a particle following the trajectory (x(¢), y(t)).
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3. Aparticle travels along a path from (0, 0) to (3, 4). What is the displacement? Can the distance traveled be determined
from the information given?

SOLUTION The net displacement is the distance between the initial point (0, 0) and the endpoint (3, 4). That is

\/(3 —0%+(@4-0>%=+25=5.
The distance traveled can be determined only if the trajectory c(¢) = (x(¢), y(¢)) of the particle is known.

4. A particle traverses the parabola y = x2 with constant speed 3 cm/s. What is the distance traveled during the first
minute? Hint: No computation is necessary.

SOLUTION Since the speed is constant, the distance traveled is the following product: L = st = 3 - 60 = 180 cm.

Exercises
In Exercises 1-10, use Eq. (3) to find the length of the path over the given interval.

1. Bt +1,9—-4r), 0<r<2

SOLUTION Since x = 3¢ + 1 and y = 9 — 4¢ we have x’ = 3 and y' = —4. Hence, the length of the path is
2 2
S = / V32 + (—2dr = 5/ dt = 10.
0 0

2. (14+2t,2+41), 1<t=<4

SOLUTION We have x = 1 +2¢ and y = 2 + 4¢, hence x’ = 2 and y’ = 4. Using the formula for arc length we obtain

4 4
S=/ \/22+42dt=/ V20dt = V204 — 1) = 6v/5
1 1

322,322 —1), 0<t<4

SOLUTION  Since x = 2¢% and y= 3t2 — 1, we have x’ = 4¢ and y’ = 6¢. By the formula for the arc length we get

4 4 4 24
t
s:/ x/(t)2+y/(t)2dt=/ \/16t2+36t2dt=«/52/ tdt=\/52-?‘ =16v13
0 0 0 0

4. 3t,43/%), 0<r<1

SOLUTION Wehave x = 37 and y = 413/2 hence x’ = 3 and y’ = 611/2. Using the formula for the arc length we obtain

1 1 1 1
S:/ x’(t)2+y’(t)2dt:/ 32+(6z1/2)2dz=f «/9+36tdt:3/ V144t dr
0 0 0 0

Setting u = 1 + 4t we get

2 5
S = —(532 1)~ 5.09
3 L2

3 (3 3
S== du="=.
4/1‘5” 4

5. (32,413, 1<t<4

SOLUTION We have x = 3% and y = 4¢3 Hence x’ = 6t and y = 12¢2. By the formula for the arc length we get

4 4 4
S=/ ,/x/(z)2+y/(z)2dt=/ \/36t2+144t4dt=6/ V14412t dt.
1 1 1

Using the substitution u = 1 + 412, du = 8t dt we obtain

6 65

65
S=7/ Judu =
5

1
. = 5(653/2 — 53/2) ~ 256.43

4 3"

5
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6. 13+1,12-3), 0<r<1

SOLUTION Wehave x =13 4 1, y= 12 — 3, hence, x’ = 3% and y’ = 2t. By the formula for the arc length we get

1 1 1
S:[ ,/x'(z)2+y'(t)2dz=/ \/9z4+4z2dt:/ V912 +4dt
0 0 0

We compute the integral using the substitution u = 4 + 92 This gives

s— L 13ﬁdu _ 2| Lz g3y = L3 gy aim
18 J4 18 3 4 27 27 o
7. (sin3t,cos3t), 0<t<m
SOLUTION We have x = sin 3¢, y = cos 3¢, hence x’ = 3 cos 3t and y’ = —3sin 3¢. By the formula for the arc length

we obtain:

T T T
S=/ ,/x/(t)2+y/(z)2dt=/ \/9c0523t+9sin23tdt=/ V9dt =37
0 0 0

8. (sinf — 6 cosh,cosf +60sinh), 0<6 <2

SOLUTION We have x = sinf) — 6 cosf and y = cos@ + 0 sin 6. Hence, x’ = cos@ — (cos§ — @ sinf) = 0 sin6 and
y = —sin@ +sinh + 6 cosf = 6 cos §. Using the formula for the arc length we obtain:

2 2
szf x/(9)2+y/(9)2d9=/ \/(9 sin 0)2 + (0 cos 8)2 db
0 0
2 2 92 2
=/ 02(sin29+c0329)d9=/ 0do=—| =2
0 0 2o

In Exercises 9 and 10, use the identity

1 —cost .ot
- _sin? i
2 2
9. (2cost —cos?2t,2sint —sin2t), 0<t < %
SOLUTION Wehavex = 2cost —cos2t,y = 2sint —sin2¢. Thus,x’ = —2sint + 2sin2¢and y’ = 2cost — 2cos 2¢.

We get
K (2 + Y )% = (=2sint + 2sin21)% 4 (2cost — 2 cos 2¢)?
=4sin? 1 — 8sintsin2f + 4sin® 21 + 4 cos> 1 — 8cost cos 21 + 4 cos? 2
= 4(sin2 t + cos? t) + 4(sin2 2t + cos? 2t) — 8(sin t sin 2t + cost cos 2t)
=4+4+4—8cos(2t —t) =8 —8cost = 8(1 —cost)

We now use the formula for the arc length to obtain

/2 /2 /2 t /2 t
S = / VX' +y (1) = / V8(1 = cost)dt = / /16 sin? S dr = 4/ sin > dt
0 0 0 0

¢ |72 2
S| =-8 <cos% —cosO) =8 <\2f - 1) ~ 234
0

= —8cos =

10. (5(60 —sin®),5(1 —cosh)), 0<60 <2mw

SOLUTION Sincex = 5(6 — sinf)andy = 5(1 — cos @), wehavex’ = 5(1 — cos#) and y’ = 5 sin 6. Using the formula
for the arc length we obtain:

2 2
S = f VX ()% 4y (0)>do = / \/25(1 —cos0)2 +25sin2 6 do
0 0
2 2
=5/ \/1—2cos6+c0529+sin29d9=5 v2(1 —cosf)do
0 0

2 0 27 0 T
:5/ 4sin27d9:10/ sinfd0:20/ sinu du
0 2 0 2 0
T

= 20(—cos u)
0

= —20(—1—1) = 40.
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11. Show that one arch of a cycloid generated by a circle of radius R has length 8R.

SOLUTION Recall from earlier that the cycloid generated by a circle of radius R has parametric equations x = Rt —
t 1 —cost
Rsint,y = R — Rcost. Hence, x’ = R — Rcost, y’ = Rsint. Using the identity sin? 3= we get

x’(t)2 + y’():)2 = R2(1 — (:ost)2 + R%sin?t = R2(1 —2cost + cos? t + sin? t)

t
= R%(1 —2cost + 1) = 2R%(1 — cost) = 4R? sin? 3

One arch of the cycloid is traced as ¢ varies from 0 to 2. Hence, using the formula for the arc length we obtain:

2 2w ¢ 2 ¢ T
S = / VX O +y @)% dt = / JAR2sin? ~dr = ZR/ sin = dr = 4R[ sinu du
0 0 2 0 2 0
b

= —4Rcosu| = —4R(cosm —cos0) =8R

0

12. Find the length of the spiral c(#) = (¢ cost, tsint) for 0 < t < 2x to three decimal places (Figure 7). Hint: Use the
formula

/Vl—l—ﬂdl:%t 1+t2+%ln(t+ 1412)

FIGURE 7 The spiral c(t) = (t cost, t sint).

SOLUTION We use the formula for the arc length:

2
S =/ VX' (O + ¥ (1) dt 1)
0

Differentiating x =t cost and y = ¢ sin ¢ yields
/ d .
x'(t) = —(tcost) = cost —tsint
dt
/ d . .
V() = Z(I sint) = sint +f cost

Thus,

\/x/(t)2 + y’(t)2 = \/(cost —tsint)? + (sint + £ cos )2

=+/cos2t — 2t costsint + t2sin? ¢ + sin? ¢ + 2¢ sinf cos ¢ + 12 cos2 ¢
= \/(coszt +sin2)(14+12) = V1 + 12

We substitute into (1) and use the integral given in the hint to obtain the following arc length:

2

©
Il

2 1 1
V1+2dt ==t 1+l2+7ln(t+ 1+t2>
0 2 2 0

%-27n/1—|—(27t)2+%111(271—1—\/1—1—(271)2)—<0+%ln1>

= 1+4n2+%ln(2ﬂ+\/1+47r2) ~ 21.256
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13. Find the length of the tractrix (see Figure 6)
c(t) = (¢t — tanh(¢), sech(t)), 0<tr<A
SOLUTION Since x =t — tanh(¢) and y = sech(¢) we have x’ =1 — sech? () and y' = —sech(¢) tanh(z). Hence,
2
X' (1) + ¥ ()% = (1 — sech?(1))” + sech?(r)tanh? (1)
— 1 — 2sech?(¢) + sech?(¢) + sech?(r)tanh? (r)

=1-2 sechz(t) + sechz(t)(sechz(t) + tanhz(t))
=1 —2sech?(t) + sech?(¢) = 1 — sech?(r) = tanh?(¢)

Hence, using the formula for the arc length we get:

A A A A
S = / X%+ v @) dt = / Vtanh?(r) dt = / tanh(z) dt = In(cosh(?))
0 0 0 0

= In(cosh(A)) — In(cosh(0)) = In(cosh(A)) — In 1 = In(cosh(A))

o
gl

™
]
Iy

Find a numerical approximation to the length of ¢(¢) = (cos 5¢, sin 3¢) for 0 < ¢ < 27 (Figure 8).

FIGURE 8

SOLUTION Since x = cos 5¢ and y = sin 3¢, we have

x'(t) = —5sin 51, y'(t) =3 cos 3t
so that

()% + (1) = 25sin? 5¢ + 9 cos? 3¢

Then the arc length is
2w 2
/ VX @2+ Yy ®)2%dt = / \/ 25sin2 57 + 9 cos2 3 dt ~ 24.60296
0 0

In Exercises 15-18, determine the speed s at time t (assume units of meters and seconds).

15. (13,42, t=2
SOLUTION We have x(1) = 13, y(t) = 1% hence x'(r) = 3t2, y/(r) = 2t. The speed of the particle at time 7 is thus,
ds =[x/ (02 +y'(1)? = Vor* + 412 = 1v/9r2 + 4. At time 1 = 2 the speed is

ds
dt

=2v9.22 4+ 4 =240 = 4410 ~ 12.65 m/s.
t=2

16. (3sin5t,8cos5t), t = %

SOLUTION We have x = 3sin5¢, y = 8cos 5¢, hence x’ = 15cos 5t, y/ = —40sin 5¢. Thus, the speed of the particle
at time ¢ is

d
d% = \/x/(t)z + /(1) = \/225 cos? 5t + 1600 sin? 5¢

= \/ 225(cos? 5¢ + sin? 5¢) + 1375 sin? 5¢ = 5\/ 9 + 55sin? 5¢
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Thus,

d
2 =594 55sin251.
dt

The speed at time 1 = 7 is thus

ds

el — 25 T\ ~
- —5\/9+5551n (5 4>_30.21m/s

t=m/4

17. (5t +1,4t-3), t=9

SOLUTION Since x = 5¢ + 1, y = 4t — 3, we have x’ = 5 and y’ = 4. The speed of the particle at time ¢ is

d
d—: = /YO + (1) =52 +42 = VAl ~ 6.4m/s.

We conclude that the particle has constant speed of 6.4 m/s.
18. (In(:2+1),13), r=1

t
SOLUTION We have x = ln(t2 +1),y= 3, s0x = 11 and y' = 3t2. The speed of the particle at time ¢ is thus
t
ds 2 2 412 4 4 2
— =X+ Y @)= 72—1—91‘ =t 72+9t.
dt @2 +1 (2 +1)

The speed at time ¢ = 1 is

ds
dt

[4
= —2+9=\/10%3.16m/s.
t=1 2

19. Find the minimum speed of a particle with trajectory c(¢) = (13 — 41,12 4+ 1) for t > 0. Hint: It is easier to find the
minimum of the square of the speed.

SOLUTION We first find the speed of the particle. We have x(¢) = 3 — 4, y(t) = t2 + 1, hence x'(t) = 3t2 — 4 and
y'(¢) = 2¢. The speed is thus

d
d—f =GB =%+ 202 = Vor* — 2412 1 16 + 412 = Vor* —20¢2 + 16.

The square root function is an increasing function, hence the minimum speed occurs at the value of ¢+ where the function
f@ = 9r4 — 2072 + 16 has minimum value. Since lim f(t) = 0o, f has a minimum value on the interval 0 < ¢ < oo,
—>0o0

and it occurs at a critical point or at the endpoint = 0. We find the critical point of f on ¢ > 0:

10
(1) =3613 —40r =41 (92 —10) =0 =1 = 0,1 = -

We compute the values of f at these points:

f0)=9-0*-20-02+16= 16

4 2
f 10 =9 10 20 10 +16—44~489
9/ 9 9 ) ’

We conclude that the minimum value of f on ¢ > 0 is 4.89. The minimum speed is therefore

d
<i> ~ V489~ 221.
dt min

20. Find the minimum speed of a particle with trajectory c(¢) = (3,172 forr > 0.5.

SOLUTION We first compute the speed of the particle. Since x(¢) = 3 and y() = t~2, we have x'(t) = 32 and

y/(t) = —2¢73. The speed is
d
T; = /X' +y ()? = Vr* + 417,

The square root function is an increasing function, hence the minimum value of ‘di—; occurs at the point where the function
f@) = 9¢* + 4~ attains its minimum value. We find the critical points of f on the interval # > 0.5:

() =360 —24r"7 =0
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2
30 _2_0=¢= ‘\(/gmo.%

Since tlim f(t) = oo, the minimum value on 0.5 < ¢ < oo exists, and it occurs at the critical point t = 0.96 or at the
—> 00
endpoint # = 0.5. We compute the values of f at these points:
f(0.96) =9 0.96)* +4-(0.96)° = 12.75
f@0.5) = 9(0.5)* +4(0.5)7% = 256.56

We conclude that the minimum value of f on the interval r > 0.5 is 12.75. The minimum speed for # > 0.5 is therefore

d
<i> = V1275 ~ 3.57
dt min

21. Find the speed of the cycloid c(t) = (4t — 4sint, 4 — 4 cost) at points where the tangent line is horizontal.

SOLUTION We first find the points where the tangent line is horizontal. The slope of the tangent line is the following
quotient:

dy dy/dt  4sint sin ¢

dx _ dxjdt  4—4cost 1—cost’

To find the points where the tangent line is horizontal we solve the following equation for r > 0:

d sin ¢
—y= , ———— =0=sint=0 and cost # 1.
dx 1 —cost
Now, sint = 0 and # > O at the points r = 7k, k =0, 1,2, .... Since coswk = (—l)k, the points where cost # 1 are

t = mk for k odd. The points where the tangent line is horizontal are, therefore:
t=nRk—-1), k=1,2,3,...

The speed at time 7 is given by the following expression:

% = \/x’(t)z +y' )% = \/(4 —4cost)? + (4sint)?

:\/16—32cost—|—16coszt—|—16sin2t:«/16—32cost+16
.ot
=4/32(1 —cost) =,/32-2sin 528

Lt
sin —
2

That is, the speed of the cycloid at time ¢ is

‘We now substitute
t=nk—-1), k=1,2,3,...

to obtain

ds ‘ . 72k —1)

— = 8 |sin
2

= 8|(=Dktl =8
' ‘ (=D

22. Calculate the arc length integral s(¢) for the logarithmic spiral c(t) = (e’ cost, e’ sint).

SOLUTION We have x/(t) = e’ (cost —sint), y'(t) = e’ (cost + sin t) so that
x'() + Y ()% = e* (cos®> t — 2costsint +sint 4 cos® t + 2costsint + sin’ 1) = 2% (cos® 1 + sin® 1) = 2¢*

so that the arc length integral is

b b
/ VX2 4y 0)2dr = fz/ e di

If neither a nor b is o0, then this equals V2(e? — ¢%). Note that the origin corresponds to t = —o0.
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CHAS  In Exercises 23-26, plot the curve and use the Midpoint Rule with N = 10, 20, 30, and 50 to approximate its

length.

23. ¢(t) = (cost, eSN?) for0 <t <2n

SOLUTION The curve of c(t) = (cost, e$17) for 0 < ¢ < 27 is shown in the figure below:

y

z=§(o,e)

t=m, (-1, 1) t=0,1=2m (1, 1)

X

N
| = 2 ©. e)
c(t) = (cost, eSiN1), 0 <t < 27.

The length of the curve is given by the following integral:

2 2 - 5
S = / VO +y/ ()% dt = / \/(— sin#)2 + (cost eSint)~ dt.
0 0

That is, § = f02 4 \/ sin? 7 + cos? t 2510 df. We approximate the integral using the Mid-Point Rule with N = 10, 20,
30, 50. For f(t) = \/sinzt + cos2 ¢ 2807 we obtain

2 T o1 T
(N=10): Ax=—=—,¢i=(i—2%) =

0 5 2] 5
T 10
Mg = ng(ci) = 6.903734
i=1
2 1
(N=20: ax=—2=" c=(i-2-). 2
20 10 2) 10

20
b
Mo = EZ]‘(Q) = 6.915035

i=1

N=30y ar=Z_T o (i-1). =
R TR T A GREY AT
7_[30

M3p = Ez;f(c,-) = 6.914949
1=
2 1
(N=50: Ax="=" ¢=(i--)-Z
50 25 2) 25

50
/]
Msg = EX;f(ci) = 6.914951
1=
24. c¢(t) = (t —sin2t,1 —cos2t) for0 <t <2mw

SOLUTION The curve is shown in the figure below:

y

2

|

X

2 4 6
c(t) = (t —sin2t,1 —cos2t),0 <t <2m.

The length of the curve is given by the following integral:

2w 2 2w
S:/ \/(1—2cos2t)2+(2sin21)2dz:/ \/1—4c0s2t+4c0s22t+4sin22tdz:/ /5 —4cos 21 dt.
0 0 0
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That is,

2w
S = /5 —4cos2tdt.

0

Approximating the length using the Mid-Point Rule with N = 10, 20, 30, 50 for f(#) = +/5 — 4 cos 2t we obtain

2 T 't T
N=10): Ax=—=—,¢;=|i—=)"
10 5

10
T
My = §Zf(ci) = 13.384047
i=1
2 1
N=20: Ax="=Z ci=(i-2)-Z
20 10 2) 10

20
T
My = BZf(ci) = 13.365095

i=1

(N =30): A _m_n (. L\ 7
T N TARUR G Y AT
n30

M3y = EZf(ci) = 13.364897
i=1
27 T ) 1 T
(N=50): Ax="=—\ci=(i—=) —
50 25 2] 25

50
g
Msy = g;f(c,-) = 13.364893
1=

25. The ellipse (%)2 + (§>2 =1

SOLUTION We use the parametrization given in Example 4, section 12.1, that is, c(t) = (Scost,3sint), 0 <t < 2.
The curve is shown in the figure below:

c(t) = (5cost,3sint),0 <t < 2m.

The length of the curve is given by the following integral:

2w 2w
S = / VO +y/(0)%dt = / \/(—5 sint)? + (3cost)2 dt
0 0
2 2w 2w
=f \/ZSSin2t+9cosztdt=/ \/9(sin2t+cos2t)+16sin2tdt=/ V9 + 16sin? ¢ dr.
0 0 0

That is,

2
S :/ V9 + 16sin? ¢ dt.
0

We approximate the integral using the Mid-Point Rule with N = 10, 20, 30, 50, for f() = v9+ 16 sin? t. We obtain
(N = 10): A_27t_7t . 1 T
S AT T 9T\ T2) s

10

b3
Mo = gigf(ci) = 25.528309
1=
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2w T ) 1 T
(NZZO) sziz—,ci: i—=1 - —
20 10 2) 10

20
T
My = EX; f(ci) = 25.526999
1=

2 1
(N=30y Av=—"=" c=(i-=)- L
30 15 2

30
T
My = E; f(ci) = 25.526999
1=

N=50: Ar=F-T (i}
T B T R

Gl

50
T
Mso = % X} f(c;) = 25.526999
1=

26. x =sin2t, y =sin3t for0 <t <2mw

SOLUTION The curve is shown in the figure below:

y

c(t) = (sin2t,sin3t),0 <t < 2m.

The length of the curve is given by the following integral:

2 2 2
S = / Vx'OF + y (1) dr = / \/(2 cos26)2 4+ (3cos 31)2 dt = / V4 cos? 2t + 9cos? 3t dt.
0 0 0

We approximate the length using the Mid-Point Rule with N = 10, 20, 30, 50 for f(z) = \/ 4cos2 2t + 9 cos? 3r. We
obtain

2 1
N=10; Ax="=" ¢ =(i--).Z
5

10
T
My = gZf(c,~) = 15.865169
i=1
(N=20) A _271_71 . 1 T
T T T 72) 10

20
T
Myy = 0 E 1 f(c;) = 15.324697
1=

2w T A 1 T
(N:30) szizf,ci: i — =) —
30 15 2) 715
T 30
M3 = 5 Z f(c;) = 15.279322
i=1
2r m 1\ =
N = 50): A:—:—’-: | — — ). —
( )2 Ax=gy =550 (’ 2) 25

50
b
Mso = < 2} f(c;) = 15.287976
1=
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27. 1If you unwind thread from a stationary circular spool, keeping the thread taut at all times, then the endpoint traces a
curve C called the involute of the circle (Figure 9). Observe that P Q has length RA. Show that C is parametrized by

c() = (R(cos@ + 6 sinf), R(sinf — GCOSG))

Then find the length of the involute for 0 < 6 < 27.

FIGURE 9 Involute of a circle.

SOLUTION Suppose that the arc é? corresponding to the angle 6 is unwound. Then the length of the segment Q P
equals the length of this arc. That is, Q P = R@. With the help of the figure we can see that

X=0A+AB=0A+EP = Rcosf + QPsind = Rcos@ + ROsinf = R(cosd + 6 sinH).
Furthermore,
y=QA— QF = Rsin@ — QP cosf = Rsinf — RO cos® = R(sinf — 0 cos )
The coordinates of P with respect to the parameter 6 form the following parametrization of the curve:
c(@) = (R(cosB 4+ 0sinf), R(sinf — 6 cos b)), 0<6 <2m.

We find the length of the involute for 0 < 6 < 2, using the formula for the arc length:

27
S=/ VX (02 + ¥/ (0) d6.
0

We compute the integrand:

d
x/(9) = %(R(cose + 6sinf)) = R(—sinf 4 sinf + 6 cosd) = RO cos O

d
y(©0) = %(R(sine —0cosf)) = R(cosf — (cosf — O sinfh)) = RO sin O

\/x’(9)2 +50)? = \/(RG cos0)? + (RO sin )% = \/R292(00529 +sin29) = vV R262 = R9

We now compute the arc length:

2m ROZ|*™ R-(2n)?
S=[ ROdo=—-| =—T"
0

= =272%R.
2 o 2 d

28. Leta > b and set

Use a parametric representation to show that the ellipse (%)2 + (%)2 = 1 has length L = 4aG(%, k), where

6
G, k) =/ V1 —k2sin?tdt
0

is the elliptic integral of the second kind.

SOLUTION Since the ellipse is symmetric with respect to the x and y axis, its length L is four times the length of the

part of the ellipse which is in the first quadrant. This part is represented by the following parametrization: x(¢) = a sint,

y()=bcost,0 <t < % Using the formula for the arc length we get:

/2 /2
L= 4/ VX O +y ()% dt = 4/ \/(a cost)? + (—bsint)? dt
0 0

/2
:4/ \/azcoszt—l—szinztdt
0
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We rewrite the integrand as follows:

/2
L:4/ \/a200s2t+a2sin2t—|—(bz—az)sinztdt
0

/2
4 / \/ a%(cos? t +sin 1) + (b2 — a?) sin® t dt
0
/2 /2 2 b2 — a2
4/ \/a2+(b2—a2)sin2tdt=4a/ & T Gn2rdr
0 0 a2 a2
/2 b2 /2
:4a/ - (1 - —)sithdt :4a/ V1 —K2sindt = 4aG (l,k)
0 a? 0 2
where k = /1 — [IZ%

In Exercises 29-32, use Eq. (4) to compute the surface area of the given surface.

29. The cone generated by revolving c¢(t) = (¢, mt) about the x-axis for0 <r < A
SOLUTION Substituting y(¢) = mt, y'(t) = m, x’(t) = 1,a = 0, and b = 0 in the formula for the surface area, we get

A A 2
t
S =27 mt\/l+m2dt:27r\/l+m2m/ tdt:27rm\/1+m2-5
0 0

A

=mv1+ m2m A2

0

30. A sphere of radius R
SOLUTION The sphere of radius R is generated by revolving the half circle c(t) = (Rcost, Rsint), 0 <t < m about

the x-axis. We have x(¢t) = Rcost, x'(t) = —Rsint, y(t) = Rsint, y'(t) = R cost. Using the formula for the surface
area, we get
b4 b
S=2x / (O X' ()2 +y )% dt =27 / R sint\/Rz sin?r + R2 cos? t dt
0 0
T

T
- 271R2[ sintdt = —2wR?*cost| = —27R%*(—1—1) = 47 R>
0

0

31. The surface generated by revolving one arch of the cycloid ¢(¢) = (¢ — sin#, 1 — cost) about the x-axis
SOLUTION One arch of the cycloid is traced as ¢ varies from O to 2. Since x(¢) =t — sint and y(z) = 1 — cost, we
have x/(t) = 1 — cost and y’(¢) = sin¢. Hence, using the identity 1 — cost = 2sin? %, we get

t
x’(z)2 —i—y’(z)2 =(1 —cosz‘)2 +sin?f =1—2cost +cost+sin2t =2 — 2cost = 4sin? 5

By the formula for the surface area we obtain:

2 2 ¢
S =2m / YO X' ()2 + y' ()2 dr = 271/ (1 —cost) - 2sin 3 dt
0 0

2 t t 2 t T
=2n/ 2sin27-2sinfdt=8n/ sin = df = 1671/ sind u du
0 2 2 0 2 0

We use a reduction formula to compute this integral, obtaining

L3
S = 16w gcos u —cosu

™ 4 4
= 167 |:{| =6—n
0 3 3

32. The surface generated by revolving the astroid c(t) = (cos3 t, sin3 t) about the x-axis for 0 <t < %
SOLUTION We have x (1) = cos® ¢, y(t) = sin3 r, x'(t) = —3 cos® ¢ sin ¢, y'(t) = 3sin®  cos . Hence,

2 2

(02 +y' 1)* = 9cos* £ sin?t 4 9sin* 7 cos? t = 9cos? ¢ sin® ¢ (cos> ¢ + sin’ 1) = 9 cos> ¢ sin? 1

Using the formula for the surface area we get

/2 /2 /2
S=2n / (O X' ()2 + y' (1) dt = 271/ sin®# - 3costsintdt = 671/ sin* ¢ cos ¢ dt
0 0

0

We compute the integral using the substitution # = sint du = cost dt. We obtain

u

1 6
S:671/ ut du = 67— :—n
0

50 5°
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Further Insights and Challenges
33. CAS Let b(z) be the “Butterfly Curve™

5
t
x(t) =sint <eC°S’ —2cos4t — sin (E) )
5
t
y(t) = cost (eCOS’ —2cos4t — sin <E> )

(a) Use a computer algebra system to plot b(¢) and the speed s'(¢) for 0 <t < 127.
(b) Approximate the length b(¢) for 0 < ¢ < 10x.

SOLUTION
(a) Let f(1) = ¢! —2cos 4 — sin ({y)’, then
xX(1) = sintf (1)
¥(t) = costf (1)
and so

') + (1) = [sintf'(t) + costf ()] + [costf (1) — sintf (1))

Using the identity sin?f 4 cos?t = 1, we get

O + GO = (@) + (Fe)2

Thus, s/(t) is the following:

572 4 572
e®0s! — 2 cos4t — sin L + | —sin te€0S? + 8sin 4t — i L cos L .
12 12\ 12 12

The following figures show the curves of b(¢) and the speed s’(¢) for 0 < t < 10x:

y

201

X

10 20 30

The “Butterfly Curve” b(t),0 <t < 107 s'(1),0<t<10m

Looking at the graph, we see it would be difficult to compute the length using numeric integration; due to the high
frequency oscillations, very small steps would be needed.

(b) The length of b(¢) for 0 <t < 10x is given by the integral: L = 010” s’(¢) dt where s'(¢) is given in part (a). We

approximate the length using the Midpoint Rule with N = 30. The numerical methods in Mathematica approximate
the answer by 211.952. Using the Midpoint Rule with N = 50, we get 204.48; with N = 500, we get 211.6; and with
N = 5000, we get 212.09.

2+/ab
34. CHS Leta>b>0andsetk = 7ab.Show that the trochoid
x =at — bsint, y=a—bcost, 0<t<T

has length 2(a — b)G(%, k) with G(6, k) as in Exercise 28.
SOLUTION We have x/(t) = a — bcost, y'(t) = bsint. Hence,
)c/(t)2 + y/(t)2 = (a — bcos t)2 + (b sin 1)2 = a% — 2abcost + b%cos? t + b sin? ¢

=a? —|—b2 — 2abcost
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The length of the trochoid for 0 < < T is

T
L =/ Va2 + b2 —2abcostdt
0

We rewrite the integrand as follows to bring it to the required form. We use the identity 1 — cost = 2 sin? % to obtain

T T
L:/ \/(a—b)2+2ab—2abcostdt:/ \/(a—b)2+2ab(1—cost)dt
0 0

/T\/( b)2 + dabsin? - dr fT ( b)2<1+ dab sin2’>dz
= a — a — = a — - —
0 2 0 (a — b)? 2
T t
:(a—b)/ 1+ k2sin? = dt
0 2

Substituting u = %, du = %dt, we get

T/2
L=2a- b)/ V14 k2sin2udu =2(a—b)E(T/2, k)
0

35. A satellite orbiting at a distance R from the center of the earth follows the circular path x = R coswt, y = R sin wt.

2+/ab

(where k = =)

(a) Show that the period 7' (the time of one revolution) is 7 = 27 /w.
(b) According to Newton’s laws of motion and gravity,

R

X)) = —Gmp - "(t) = —Gm
= e s y = eR3

R3
where G is the universal gravitational constant and m, is the mass of the earth. Prove that R3 /T2 = Gme /4n2. Thus,
R? / T2 has the same value for all orbits (a special case of Kepler’s Third Law).

SOLUTION

(a) Asshown in Example 4, the circular path has constant speed of % = wR. Since the length of one revolution is 27 R,
the period T is

_271R_27r

T

R w
(b) Differentiating x = R cos wt twice with respect to ¢ gives
x'(t) = —Rwsin ot

Xt = —Raw? cos wt
Substituting x (t) and x”' () in the equation x” (1) = —Gm, % and simplifying, we obtain

R cos wt
R3
Gme 3 Gme
R2 - 2

—Ro?coswt = —Gme -

—Ro? = —
W

2w 2w . .
By part (a), T = —. Hence, w = T Substituting yields
1)

g3 _ Gme _ ’°Gme _R* _ Gm,
T T ax? T2 an?

T2

36. The acceleration due to gravity on the surface of the earth is

G
g = R";e —9.8m/s?, where R, = 6378 km

e

Use Exercise 35(b) to show that a satellite orbiting at the earth’s surface would have period T, = 27w /R./g ~ 84.5 min.
Then estimate the distance R,, from the moon to the center of the earth. Assume that the period of the moon (sidereal
month) is 7, ~ 27.43 days.
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SOLUTION By part (b) of Exercise 35, it follows that

R} Gm, 5, 4x’R} 4n’R. 47’R,
TL’Z 47'[2 € Gme G[,;%le g
Hence,
R 16378 - 103
T, =27, |-% =2 —5 5068.8 s ~ 84.5 min.
g .

R3
In part (b) of Exercise 35 we showed that 77 is the same for all orbits. It follows that this quotient is the same for the

satellite orbiting at the earth’s surface and for the moon orbiting around the earth. Thus,
R3 R3 T 2/3
%:%éRm:Re(7m> .
T T; T,

Setting T;;, = 27.43 - 1440 = 39,499.2 minutes, T, = 84.5 minutes, and R, = 6378 km we get

39,499.2

2/3
~ 384,154 km.
845 ) 384,154 km

Ry = 6378(

11.3 Polar Coordinates

Preliminary Questions
1. Points P and Q with the same radial coordinate (choose the correct answer):
(a) Lie on the same circle with the center at the origin.
(b) Lie on the same ray based at the origin.
SOLUTION Two points with the same radial coordinate are equidistant from the origin, therefore they lie on the same

circle centered at the origin. The angular coordinate defines a ray based at the origin. Therefore, if the two points have the
same angular coordinate, they lie on the same ray based at the origin.

2. Give two polar representations for the point (x, y) = (0, 1), one with negative r and one with positive r.

SOLUTION The point (0, 1) is on the y-axis, distant one unit from the origin, hence the polar representation with positive
ris (r,0) = (1, %). The point (r,6) = (—1, ) is the reflection of (r,6) = (1, 5) through the origin, hence we must
add 7 to return to the original point.

We obtain the following polar representation of (0, 1) with negative r:

(r, 0) = (—1, % +rr) - (—1, %”)

3. Describe each of the following curves:
(@) r=2 (M) r2=2 (c) rcosf =2

SOLUTION
(a) Converting to rectangular coordinates we get

Jx2+y2=2 or x2+y2=22.

This is the equation of the circle of radius 2 centered at the origin.

(b) We convert to rectangular coordinates, obtaining X2+ y2 = 2. This is the equation of the circle of radius /2, centered
at the origin.

(c) We convert to rectangular coordinates. Since x = r cos # we obtain the following equation: x = 2. This is the equation
of the vertical line through the point (2, 0).

4. If f(—0) = f(0), then the curve r = f(6) is symmetric with respect to the (choose the correct answer):
(a) x-axis (b) y-axis (¢) origin
SOLUTION The equality f(—6) = f(0) for all § implies that whenever a point (r, 6) is on the curve, also the point

(r, —0) is on the curve. Since the point (r, —6) is the reflection of (r, ) with respect to the x-axis, we conclude that the
curve is symmetric with respect to the x-axis.
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Exercises

1. Find polar coordinates for each of the seven points plotted in Figure 16.

() =(2v3,2)

G

FIGURE 16

SOLUTION We mark the points as shown in the figure.

F(2\3,2)

G(2V3,-2)

Using the data given in the figure for the x and y coordinates and the quadrants in which the point are located, we obtain:

— _2)2 2 ./
(A), with rectangular coordinates (—3, 4): r=yl( ‘:’T) +3‘1 =VI8 = (r,0) = (3«/5, 3%)
O=m—7=7
y
A
3\2

|10
E]

(B), with rectangular coordinates (—3, 0): ; ii = (r,0)=3,m)

(C), with rectangular coordinates (—2, —1):

=V22+12=5~22
;ztan*I (3) — tan—! (%) 1046~ 3.6 = (r,60)~ (ﬁ,3,6)
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(D), with rectangular coordinates (—1, —1):

r=V124+12=y2~14 5z
; =0~ (V2 )
b=n+i=3

y

AT

r=vVI2+12=V2~ 14

(E), with rectangular coordinates (1, 1): 11
6 = tan (T) =

y

r= (2f3)z+22:mz4
o=t (3) = (G5) = &

Y

(F), with rectangular coordinates (2+/3, 2): = (r,0) = (4, %)

F(2V3,2)

(G), with rectangular coordinates (2+/3, —2): G is the reflection of F about the x axis, hence the two points have equal
radial coordinates, and the angular coordinate of G is obtained from the angular coordinate of F: 60 = 2w — % = “T”

Hence, the polar coordinates of G are (4, “T”)

2. Plot the points with polar coordinates:
@ (2.F) ®) (4.5) © (3.-3) @ (0. %)

SOLUTION We first plot the ray 6 = 6 for the given angle 6, and then mark the point on this line distanced r = r
from the origin. We obtain the following points:

y y y y
, &
(2’ g)1[ y 3n n
2 g X 4 7 X X g X
3 jﬁ (0.)
T 2
(.-5)
(@) (b) (© (d)
R = 0 is the point (0, 0) in rect. coords.
3. Convert from rectangular to polar coordinates.
(@ (1,0 (b) (3,+3) (© (=2,2) @ (-1,v3)

SOLUTION

(a) The point (1,0) is on the positive x axis distanced one unit from the origin. Hence, r =1 and 6 = 0. Thus,
(r,0) = (1,0).

2
(b) The point <3, ﬁ) is in the first quadrant so 6 = tan~! (?) = % Also, r = ,/32 + (\/§> = +/12. Hence,
(r,0) = (\/12, %).
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(¢) The point (—2, 2) is in the second quadrant. Hence,

2 3
6 = tan~! (—2) =tan '(-) =7 — % = Tﬂ

Also, r = \/(=2)2 4+ 22 = /8. Hence, (r, 6) = (Jé, 37”)

(d) The point <—1, ﬁ) is in the second quadrant, hence,

T B A N N W .
6 = tan (_1>_tan («/g)—n 3= 3

Also, r = [ (=12 + (\/3)2 — /4 = 2. Hence, (r, 6) = (2, 27”)

4. Convert from rectangular to polar coordinates using a calculator (make sure your choice of 6 gives the correct
quadrant).

(@ 2,3) (b) 4, -7 (© (=3,-8) @ (=5,2)
SOLUTION
(a) The point (2, 3) is in the first quadrant, with x = 2 and y = 3. Hence

3
9 = tan~! <7> ~ 0.98

2 =  (160)~ (3.6,0.98).
r=v22+32=J13~36

(b) The point (4, —7) is in the fourth quadrant with x = 4 and y = —7. We have

an—! (Z2) ~ —1.05
7 )

r=(=72?+42 =65~ 8.1

Note that tan~1 an angle less that zero in the fourth quadrant; since we want an angle between 0 and 27, we add 27 to
get 0 ~ 2w — 1.05 ~ 5.232. Thus (r, ) ~ (8.1, 5.2).

(¢) The point (—3, —8) is in the third quadrant, with x = —3 and y = —8. We have

tan~! _—8 = tan~! § ~ 1.212
-3 3
r=1/(=3)2+(-8)2 =73 ~ 8.54

Note that tan~! produced an angle in the first quadrant; we want the third quadrant angle with the same tangent, so we
add 7 to get 0 ~ w + 1.212 ~ 4.35. Thus (r, ) ~ (8.54, 4.35)

(d) The point (-5, 2) is in the second quadrant, with x = —5 and y = 2. We have

an— (2 ) ~ 038
-5 :
r=4/22+ (=52 =+29~539

Note that the angle is in the fourth quadrant; to get the second quadrant angle with the same tangent and in the range
[0, 27), we add 7 to get 0 ~ 7 — 0.38 & 2.76. Thus (r, ) ~ (5.39, 2.76).

5. Convert from polar to rectangular coordinates:
@ (3.%) ®) (6. %) © (0. %) @ (5.-%)

SOLUTION
(a) Sincer =3 and § = % we have:

x=rcos€=3cos% =3.
= (x,y)~(2.6,1.5).

N =
()
IS

) . T
y=rsm9=3smg=3~
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(b) For (6, 37”) we have r =6 and § = 3T”. Hence,

X =rcosf = 60053% ~ —4.24
3 = (x,y) =~ (—4.24,4.24).
y =rsinf =6sin7n ~ 4.24

(¢) For (O, %), we have r = 0, so that the rectangular coordinates are (x, y) = (0, 0).
(d) Sincer =5and 6 = —% we have

x:rcos@:Scos(—%):&O:O

= (x,y)=1(0,-5)
y =rsiné :5sin<—%) =5.(-1)=-5

6. Which of the following are possible polar coordinates for the point P with rectangular coordinates (0, —2)?

T T
3 o (3
o(+-%) (=)
o (29 0(-%)

SOLUTION The point P has distance 2 from the origin and the angle between O P and the positive x-axis in the positive

direction is 37” Hence, (r,0) = (2, %r) is one choice for the polar coordinates for P.

The polar coordinates (2, 6) are possible for P if 6 — 37” is a multiple of 27r. The polar coordinate (—2, 6) are possible
for P if 6 — 37” is an odd multiple of 7. These considerations lead to the following conclusions:

— 37” = —7 = (2, 5) does not represent P.

( F - = 2T = (2, 77”) represents P.
(©) (_2, _37) _37 — 37” =31 = (— ,—37”) represents P.
(—2, %’) 77” — 37” =21 = (—2, %’) does not represent P.
(e) (_2, _%) S AN | QN VN (—2, —%) does not represent P.

T
2
fi) (2, _77> _7777 — 7” =51 = ( , —%’) does not represent P.

y y y

(A) (B) ©
FIGURE 17

SOLUTION

(a) In the sector shown below r is varying between 0 and 3 and 0 is varying between 7 and 27. Hence the following
inequalities describe the sector:
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(b) In the sector shown below r is varying between 0 and 3 and 6 is varying between % and % Hence, the inequalities
for the sector are:

IA

r

IA

T B

0
T
4

IA

0

IA

(c¢) In the sector shown below r is varying between 3 and 5 and 6 is varying between 37” and 7. Hence, the inequalities

are:

5

IA

r

IA

3
3i
4

IA

0

IA

T

8. Find the equation in polar coordinates of the line through the origin with slope %

SOLUTION A line of slope m = % makes an angle 6y = tan ! % ~ 0.46 with the positive x-axis. The equation of the
line is 6 =~ 0.46, while r is arbitrary.

9. What is the slope of the line 6 = %’?

SOLUTION This line makes an angle 6y = ST” with the positive x-axis, hence the slope of the line is m = tan ST” ~ —3.1.

10. Which of r = 2sec 6 and r = 2 csc 6 defines a horizontal line?

SOLUTION The equation r = 2 csc 6 is the polar equation of a horizontal line, as it can be written as r = 2/sin 6, so
rsin @ = 2, which becomes y = 2. On the other hand, the equation r = 2 sec6 is the polar equation of a vertical line, as
it can be written as r = 2/ cos 8, so r cos = 2, which becomes x = 2.

In Exercises 11-16, convert to an equation in rectangular coordinates.

1. r=7

SOLUTION r = 7 describes the points having distance 7 from the origin, that is, the circle with radius 7 centered at the
origin. The equation of the circle in rectangular coordinates is

Kyt =7 =49,
12. r =sinf
SOLUTION Multiplying by r and substituting y = r sin 6 and r2=x2+4y2 gives
r? =rsin6
P4y =y

We move the y and then complete the square to obtain

2yl y=0

1=

Thus, r = sin 6 is the equation of a circle of radius % and center (O, %)
13. r =2siné
SOLUTION We multiply the equation by r and substitute r2 =x2+y% rsin6 = y. This gives
r2 = 2rsinf
24y =2y

Moving the 2y and completing the square yield: x24+y2 =2y = 0and x2 + (y — 1)2 = 1. Thus, r = 2sin@ is the
equation of a circle of radius 1 centered at (0, 1).

14. r = 2csc6
SOLUTION We multiply the equation by sin 6 and substitute y = r sin 6. We get
rsing =2
y=2

Thus, r = 2 csc6 is the equation of the line y = 2.
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1

15. rf = —7"
cosf — sin 6

SOLUTION We multiply the equation by cos & — sin 6 and substitute y = r sin @, x = r cos 6. This gives
r(cosf —sinf) =1
rcosf —rsinf =1

x—y=1=y=x—1.Thus,

1
=
cosf —sinf

is the equation of the line y = x — 1.

1

16. r = ——
" 2 —cos6

SOLUTION We multiply the equation by 2 — cos . Then we substitute x = r cos 6 and r = /x2 + y2, to obtain

r(2—cosf) =1

2r —rcosf =1

2/x24+y2—x=1

Moving the x, then squaring and simplifying, we obtain
ZW =x+1
4(x2+y2) =x242x+1
3x2 —2x—i—4y2 =1

We complete the square:

This is the equation of the ellipse shown in the figure:

In Exercises 17-20, convert to an equation in polar coordinates.

17. x2+y2 =5

SOLUTION We make the substitution x2 + y2 =r2t0 obtain; 2 =5o0rr = V3.
18. x =5

SOLUTION Substituting x = r cos 8 gives the polar equation r cosf = 5 orr = Ssecf.
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19. y = x2
SOLUTION Substituting y = r sin@ and x = r cos 0 yields

2

rsin® = rcos2 6.

Then, dividing by r cos2 6 we obtain,

sin 6
—_ =T SO r = tan6 secf
cos- 60

20. xy =1
SOLUTION We substitute x = r cos 6, y = r sin 6 to obtain
(rcosf) (rsinf) =1

r2cosfsing = 1

Using the identity cos 6 sin 6 = % sin 20 yields

sin 26
r2 * —

5 =1=r%=2csc26.

21. Match each equation with its description.

(@ r=2 (i) Vertical line

(b) 6 =2 (ii) Horizontal line

(¢) r =2sech (iii) Circle

(d) r =2csch (iv) Line through origin
SOLUTION

(a) r = 2 describes the points 2 units from the origin. Hence, it is the equation of a circle.

(b) 6 = 2 describes the points P so that O P makes an angle of 6y = 2 with the positive x-axis. Hence, it is the equation
of a line through the origin.

(¢) Thisis r cos® = 2, which is x = 2, a vertical line.
(d) Converting to rectangular coordinates, we get r = 2csc6, so rsinf = 2 and y = 2. This is the equation of a
horizontal line.

22. Find the values of 0 in the plot of r = 4 cos 8 corresponding to points A, B, C, D in Figure 18. Then indicate the
portion of the graph traced out as 6 varies in the following intervals:

@o0=<6<% ) F<0=<m ©r=<0<3

24

FIGURE 18 Plot of r = 4cos6.

SOLUTION The point A is on the x-axis hence 6§ = 0. The point B is in the first quadrant with x = y = 2 hence
6 =tan~! (%) =tan~!(1) = % The point C is at the origin. Thus,

3

r=0=4cos0=0=60=—, -

SR

The point D is in the fourth quadrant with x = 2, y = —2, hence

-2
6 =tan~! [ = =tan_l(—1)=2n—i=7,
2 4

0<6 < % represents the first quadrant, hence the points (r, 8) where r =4 cosf and 0 < 6 < % are the points on the

circle which are in the first quadrant, as shown below:
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If we insist that r > 0, then since % < 6 < & represents the second quadrant and 7 < 6 < 37” represents the third
quadrant, and since the circle r = 4 cos 6 has no points in the left xy -plane, then there are no points for (b) and (c).
However, if we allow r < 0 then (b) represents the semi-circle

y y

x and (c) like (a) represent x

23. Suppose that P = (x, y) has polar coordinates (r, #). Find the polar coordinates for the points:
@ (x,—y) ®) (—=x,—y) © (—=x,» @ (v, x)
SOLUTION

(a) (x,—y) is the symmetric point of (x, y) with respect to the x-axis, hence the two points have the same radial
coordinate, and the angular coordinate of (x, —y) is 2w — 6. Hence, (x, —y) = (r, 27 — 0).

(el
BN

(b) (—x, —y) is the symmetric point of (x, y) with respect to the origin. Hence, (—x, —y) = (r, 0 + 7).

(x, y)

(¢) (—x,y) is the symmetric point of (x, y) with respect to the y-axis. Hence the two points have the same radial
coordinates and the angular coordinate of (—x, y) is 7 — 6. Hence, (—x, y) = (r,m — 6).

(d) Let (r1, 01) denote the polar coordinates of (y, x). Hence,

,1:\/y2+x2:\/x2+y2:r
X

tan@lzfziz ! =cot9=tan(%—6)
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Since the points (x, y) and (y, x) are in the same quadrant, the solution for 6} is 6] = % — 6. We obtain the following

polar coordinates: (y, x) = (r, % — 9).

24. Match each equation in rectangular coordinates with its equation in polar coordinates.

(@ x24+y2=4 @) r2(1 —2sin%0) =4
b 2+ -Dr=1 (i) r(cosf +sinf) =4
(© x2—y2=4 (iii) r =2sin6

d x+y=4 (iv) r=2

SOLUTION

(a) Since %2+ y2 = r2, we have r2 = 4orr = 2.

(b) Using Example 7, the equation of the circle x2 4+ (y— 1% =1has polar equation » = 2sin 6.

(c) Settingx =rcosf,y =rsin6 in xZ— y2 = 4 gives
X2 - y2 =r2cos?0 — r¥sin? 0 = r? (0032 0 — sin? 0) =4.
We now use the identity cos? 6 — sin? 0 = 1 — 2sin? 0 to obtain the following equation:
r2 (1 — 2sin? 9) =4
(d) Settingx =rcosf andy =rsinf inx + y = 4 we get:
x+y=4
rcosf +rsinf =4

SO

r(cosf +sinf) =4

25. What are the polar equations of the lines parallel to the line r cos (9 - %) =1?

SOLUTION The line r cos (9 - %) =1, 0orr =sec (9 - %), is perpendicular to the ray 6 = % and at distance d = 1
from the origin. Hence, the lines parallel to this line are also perpendicular to the ray 6 = %, so the polar equations of

these lines are r = dsec (0 — %) orrcos (0 — ) = d.

26. Show that the circle with center at (%, %) in Figure 19 has polar equation r = sin 6 + cos 6 and find the values of 0

between 0 and 7 corresponding to points A, B, C, and D.

FIGURE 19 Plotof r = sinf + cos®6.
SOLUTION We show that the rectangular equation of 7 = sin6 + cos 9 is

1\? N 1\ 1
xX—= —=) ==

2 Y72) T2
‘We multiply the polar equation by r and substitute r?

r =sinf + cos 6
2 =rsinf + rcosf

24y =y+ax

=x2 4 y%,rsind =y, rcos6 = x. This gives
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Transferring sides and completing the square yields

xz—x+y2—y=0

1\? N 1\ 1 N
) Y72) TaTaTa
Clearly point C corresponds to & = 0 since cos 0 + sin0 = 1. The circle is traced out counterclockwise as 6 increases

to , so A corresponds to 8 = % since again cos % + sin % = 0. Next, D clearly corresponds to 8 = and

/4

Zs
indeed cos % + sin % = /2, which is the diameter of the circle. Finally, point A corresponds to 6 = 37”, since there
cosf = —sinf.

27. Sketch the curve r = %6 (the spiral of Archimedes) for 8 between 0 and 27 by plotting the points for 6 =

T T
,Z,j,...,Zn.

SOLUTION  We first plot the following points (r, €) on the spiral:
0 = (0.0) A_(rr n) B_(n 7'[) C— 3r 37 D_(rr )
=L, V), =\5'2/) =\7'32) = A —2,77,

St 5w 37 37 T Im
E=|—,—), F=—,—),.G=—,— |, H=(7,27).
8 4 4 2 8 4

Ea
2
3z z
4 4
C
. B
z D oA HO
9 27
E
* G
sr F bl
4 4

Since r(0) = 0 _ 0, the graph begins at the origin and moves toward the points A, B, C, D, E, F, G and H as 0 varies
from 6 = O to the other values stated above. Connecting the points in this direction we obtain the following graph for

S

0<6<2m:
z
2
3z z
4 4
¢ 1s
D/"\q H
v A 0
o 27
E
G
Rl F 1z
4 4

28. Sketch r =3 cosf — 1 (see Example 8).

SOLUTION We first choose some values of 6 between 0 and 7 and mark the corresponding points on the graph. Then
we use symmetry (due to cos (27 — 6) = cos ) to plot the other half of the graph by reflecting the first half through the
x-axis. Since » = 3 cos — 1 is periodic, the entire curve is obtained as 6 varies from 0 to 2. We start with the values

0=0,% %7, ZT” %’ 7, and compute the corresponding values of r:

r=3cos0—1=3-1=2=A=(2,0)
b4 3V3 (16

=3 ——1l=—-1%=1.6 B =
r cos6 > =

SN—"

b4 3
=3 ——1==-1=05=C=(0.5,
r cos3 3 = (

3cost —1=3-0—1=—1=D (1
r = S——1=3-0—1=— = (-1,
2

o) wlY N
~— —
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2 2

r:3cos—n—1:—2.5=>E: —2.5,—7[
3 3
5 5

F=3cost —1=-36=F=(-36 "=
6 6

r=3cost —1=-4=G=(-4m)
The graph begins at the point (r, 8) = (2, 0) and moves toward the other points in this order, as 6 varies from 0 to .

Since r is negative for % < 6 < m, the curve continues into the fourth quadrant, rather than into the second quadrant. We
obtain the following graph:

wla

(=)
ENE]

S

Now we have half the curve and we use symmetry to plot the rest. Reflecting the first half through the x axis we obtain
the whole curve:

~

29. Sketch the cardioid curve r = 1 + cos 6.

SOLUTION Since cos 6 is period with period 27, the entire curve will be traced out as 6 varies from 0 to 2. Additionally,

since cos(2mw — 0) = cos(f), we can sketch the curve for 6 between 0 and 7 and reflect the result through the x axis to

. _ 7 7 nw w 2n 3 S5m .
obtain the whole curve. Use the values 6§ = 0, T and 7:

0 |r point
0 | 14+cos0=2 (2,0
T treosE =250 | (28 7)
Tl iheost =252 | (252 %)
T 1+cos%=% (%,%)
Z | 14cosT =1 (.3)
2% 1+cos2T”=% (%%T)

6 = 0 corresponds to the point (2, 0), and the graph moves clockwise as 6 increases from 0 to 7. Thus the graph is

o
£
[SIE]
Wiy
19
[eNE]

o

Reflecting through the x axis gives the other half of the curve:
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30. Show that the cardioid of Exercise 29 has equation

2y —x)2 = x2 42
in rectangular coordinates.

SOLUTION Multiply through by r and substitute for r, r2, and r cos 6 to get

r=1+cosf

2 =r+rcosf

24yt = a2+ y2 4
x2—|—y2—x=,/x2+y2

G2y — =242

31. Figure 20 displays the graphs of r = sin 26 in rectangular coordinates and in polar coordinates, where it is a “rose
with four petals.” Identify:

(a) The points in (B) corresponding to points A—/ in (A).
(b) The parts of the curve in (B) corresponding to the angle intervals [O, %], [% rr], [n, 37”], and [37” 271].

B F
A C E G /
[4 x
g 7 3r 2
D H
(A) Graph of r as a function (B) Graph of r = sin 20
of 6, where r = sin 26 in polar coordinates

FIGURE 20

SOLUTION
(a) The graph (A) gives the following polar coordinates of the labeled points:

A: 0=0, r=0
2

B: 9:%, r=sin7”=1
c: 6=2, r=0

2

3 . 2-3n
D: 6 =—, r=sin =—1

4 4
E: 6=mn, r=0

S
Fi 6="", r=1

4

3
G: 0=—, r=0
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I:. 6=2n, r=0.

Since the maximal value of |r| is 1, the points with r = 1 or r = —1 are the furthest points from the origin. The corre-
sponding quadrant is determined by the value of 6 and the sign of r. If ry < 0, the point (r, 8p) is on the ray 6 = —6.
These considerations lead to the following identification of the points in the xy plane. Notice that A, C, G, E, and [ are
the same point.

(b) We use the graph (A) to find the sign of r =sin20 : 0 <0 < % =r>0= (r,0) is in the first quadrant.

% <0 <m=r<0= (r,0) is in the fourth quadrant. 7 <6 < 37” =r >0= (r,60) is in the third quadrant.

37” <6 <27 =r < 0= (r,0) is in the second quadrant. That is,

3n T

T cp< <p<Z

T <o<om 0<0<7

OD |

n<g<3E T<g<n
2 2

32. Sketch the curve r = sin 30. First fill in the table of r-values below and plot the corresponding points of the curve.
Notice that the three petals of the curve correspond to the angle intervals [0, %], [% , ZT” ], and [%, n]. Then plotr = sin 36
in rectangular coordinates and label the points on this graph corresponding to (r, 9) in the table.

b1 b Sm 117

T
|l |3 | 2| |12 |

=

SOLUTION We compute the values of r corresponding to the given values of 9:

6 =0, r=sin0=0 (A)
o= —sin 2 ~071 (B)
= r = sin 7 ~0
3
9:%, r:sin%:l (©)
b4 . 3w
0 =—, r=sin — ~ 0.71 (D)
4 4
3
o=", r=sinX=0 (E)
3 3
S . 157
0=—-—, r=sin— ~—-0.71 (F)
12 12
T . 3w
60=—, r=sin—=—1 (G)
2 2
T 21
0=—, r=sin— ~-0.71 (H)
12 12
3 . 97
0=—, r=sin— =0 08
2 2
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3 9

0=—, =sin — ~ 0.71
s 4
St 157

0 =—, =sin— =1
6 6
117 . 33w

=——, r=sin— ~0.

12 12

0 =m, r=sin37r =0

(M)

We plot the points on the xy -plane and join them to obtain the following curve:

r

<
w|S®

Using the graph of r = sin 36 we find the sign of r and determine the parts of the graph corresponding to the angle

intervals. We get

Sl

=r <0 = (r, 0) in the third and fourth quadrant.

2z 2 2 n X
3z 3 3oz
szt %”s%n osesf 4.
6 K \J b/ c °
iz
5 1|E
L B
r M/\A
T 2z
?SHST
F H
G
0<6 <% =r=>0= (r,0) in the first quadrant.
— g s 2r
r = sin 30 3 <6< 3
ZT” <0 <m=r>0=(r,0) in the second quadrant.
33. £AS Plot the cissoid » = 2sin 6 tan @ and show that its equation in rectangular coordinates is
q g
2 _ x3
r= 2—x

SOLUTION Using a CAS we obtain the following curve of the cissoid:

n
2
y
T 1 2 37
3n
2
We substitute sinf = % and tanf = % in r = 2sind tan 6 to obtain
r= ZX . X
rox
Multiplying by rx, setting r2=x%+y%and simplifying, yields
Py = 2y2

(4 yHx =2y°
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SO

34. Prove thatr = 2a cos 6 is the equation of the circle in Figure 21 using only the fact that a triangle inscribed in a circle
with one side a diameter is a right triangle.

FIGURE 21

SOLUTION Since the triangle inscribed in the circle has a diameter as one of its sides, it is a right triangle, so we may
use the definition of cosine for angles in right triangles to write

cosf = L = r =2acos6.
2a

35. Show that
r =acosf + bsinf

is the equation of a circle passing through the origin. Express the radius and center (in rectangular coordinates) in terms
of a and b.

SOLUTION We multiply the equation by r and then make the substitution x = r cos6, y = r sin 6, and r2=x24 y2.
This gives

% = ar cos6 + brsin 6
x?+ y2 =ax + by
Transferring sides and completing the square yields

X —ax+y2—by=0

(2 8 (2)) + (y2 2ty (’2’)2) -4+ (5)
(o5 (1) =

centered at the point (%, %) By plugginginx =0and y = 0itis

.. . . . . 202
This is the equation of the circle with radius ¥4 2+b

clear that the circle passes through the origin.

36. Use the previous exercise to write the equation of the circle of radius 5 and center (3, 4) in the form r = acos6 +
bsiné.

. . . . . . . . Aa2+b?
SOLUTION In the previous exercise we showed thatr = a cos 6 + b sin 6 is the equation of the circle with radius aT'H’

centered at (%, %) Thus, we must have

@b\ i3l asacebos
-, = = - = - = a = = 0.
22 : 2772 :

The radius of the circle is 7“’2;# = 7V622+82 = 5. Thus, the corresponding equation is r = 6.cos 6 + 8sin 6.
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37. Use the identity cos 20 = cos2 6 — sin? 6 to find a polar equation of the hyperbola x2— y2 =1.

2

SOLUTION We substitute x = rcosf,y =rsin6 in x* — y2 = 1 to obtain

rcos? 0 — r?sin?0 = 1
r2(cos2 9 — sin? 6) =1
Using the identity cos 26 = cos2 0 — sin? 6 we obtain the following equation of the hyperbola:

r2cos20 =1 or r?=sec26.

38. Find an equation in rectangular coordinates for the curve r2 = cos 26.

SOLUTION We first use the identity cos260 = cos20 —sin26 to rewrite the equation of the curve as follows:

r? = cos? 6 — sin? 6. Multiplying by rZ and substituting r2=x2+ yz, rcosf = x and rsinf =y, we get

= (rcos6)? — (rsin6)?(x2 + y2)? = x> — .
2
%)

Thus, the curve has the equation x4+ Vo) = x2— y2 in rectangular coordinates.

39. Show that cos 36 = cos> 6 — 3 cos 0 sin? 6 and use this identity to find an equation in rectangular coordinates for the
curve r = cos 36.

2 2

SOLUTION We use the identities cos(o + ) = cosacos B — sina sin 8, cos2a = cos” o — sin“ «, and sin2«a =

2 8in ¢ cos & to write

cos 30 = cos(260 + 6) = cos 20 cos @ — sin 26 sin 6
= (cos2 9 — sin? 6)cosf — 2sin b cos 6 sin O
= cos> 0 — sin® 0 cos O — 2sin” 6 cos O
= cos> 6 — 3sin% 6 cos O
Using this identity we may rewrite the equation r = cos 36 as follows:
r = cos> 6 — 3sin2 0 cosf (D

Since x = rcos6 and y = rsin 6, we have cos § = 5 and sin6 = % Substituting into (1) gives:

=) =6) ()

x3 3y2x

r=— - -
33
2

We now multiply by r3 and make the substitution r2 = xZ + y? to obtain the following equation for the curve:

=3 - 3y2x

2
(4 yH) " =x7 = 3y%x

40. Use the addition formula for the cosine to show that the line £ with polar equation r cos(f — «) = d has the equation
in rectangular coordinates (cos «)x + (sina)y = d. Show that £ has slope m = — cot « and y-intercept d/sin «.

SOLUTION We use the identity cos (a — b) = cosa cos b + sin a sin b to rewrite the equation r cos ( — o) = d as fol-
lows:

r(cos@ cosa + sinfsina) = d

rcosfcosa +rsinfsina =d

We now substitute r cos @ = x and r sin § = y to obtain: x cos«a + y sin« = d. Dividing by cos «, transferring sides and
simplifying yields

X +ytano =

coso

ytano = —x +

cos o
X d
tan o tan o cos

y=-
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d
y=(—cota)x + —
sin o

d

sino

This equation of the line implies that £ has slope m = — cot« and y -intercept
In Exercises 41-44, find an equation in polar coordinates of the line L with the given description.

41. The point on L closest to the origin has polar coordinates (2, %)

SOLUTION In Example 5, it is shown that the polar equation of the line where (r, ) is the point on the line closest to
the origin is r = d sec (6 — «). Setting (d, o) = (2, %) we obtain the following equation of the line:

r:2sec<9—%).

42. The point on L closest to the origin has rectangular coordinates (—2, 2).

SOLUTION We first convert the rectangular coordinates (—2, 2) to polar coordinates (d, ). This point is in the second
quadrant so % < a < 7. Hence,

d=,/(-22+22=/8=2V2

—1( 2 -1 T
o = tan =tan” (-)=mw—— =
2 4 4

3
3 = (d,a)=<2f2,7>.

Substituting d = 2+/2 and @ = 37” in the equation r = d sec (0 — «) gives us

r:2ﬁsec<9—3%>.

43. L is tangent to the circle r = 24/10 at the point with rectangular coordinates (—2, —6).

SOLUTION

(=2,-6) \

Since L is tangent to the circle at the point (—2, —6), this is the point on £ closest to the center of the circle which is at
the origin. Therefore, we may use the polar coordinates (d, @) of this point in the equation of the line:

r=dsec(d —a) (D)
We thus must convert the coordinates (—2, —6) to polar coordinates. This point is in the third quadrant so 7 < o < 37”

We get
d =+/(=2)* 4+ (=6)% = V40 = 24/10

-6
o = tan~! (—2) =tan '3~ 7 +125~4.39

Substituting in (1) yields the following equation of the line:

r =2/10sec (6 — 4.39) .

44. L has slope 3 and is tangent to the unit circle in the fourth quadrant.

SOLUTION We denote the point of tangency by Py = (1, «) (in polar coordinates).
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(e
N
1, o

Since L is the tangent line to the circle at Py, Py is the point on £ closest to the center of the circle at the origin. Thus,
the polar equation of L is

r=sec(@ —a) (D

We now must find «. Let 8 be the given angle shown in the figure.

(A 4
Q" 27—« B
c=(lLa

By the given information, tan 8 = 3. Also, since the point of tangency is in the fourth quadrant, 8 must be an acute angle.
Hence

tan f = 3, O<ﬂ<%:>,8:l.25rad.

Now, since 37” < a < 2m, we have for the triangle O BC

3
(2n—a)+%+1.25=n:a:7n+1.25=5.96rad.

Substituting into (1) we obtain the following polar equation of the tangent line:

r =sec (0 —5.96).

45. Show that every line that does not pass through the origin has a polar equation of the form

b
sinf — a cos

where b # 0.

SOLUTION Write the equation of the line in rectangular coordinates as y = ax + b. Since the line does not pass through
the origin, we have b # 0. Substitute for y and x to convert to polar coordinates, and simplify:

y=ax+b
rsinf = arcosf + b
r(sin@ —acosf) =b

b
sinf — a cosf

46. By the Law of Cosines, the distance d between two points (Figure 22) with polar coordinates (r, #) and (rg, 6p) is
d? =% 4+ r —2rrgcos(6 — 6p)
Use this distance formula to show that
2 = 10r cos (6 %) =56

is the equation of the circle of radius 9 whose center has polar coordinates (5, %)
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FIGURE 22

SOLUTION The distance d between a point (7, 6) on the circle and the center (r, ) = (5, %) is the radius 9. Setting
d=9,rg=5and 6y = % in the distance formula we get

d>=r2+ rg — 2rrgcos (60 — 6p)
bid
92=r2+52—2-r~5005<0—z)
Transferring sides we get
T
r2 = 10rcos (6 — 7 ) = S6.
4
47. For a > 0, a lemniscate curve is the set of points P such that the product of the distances from P to (a, 0) and
(—a,0)is a?. Show that the equation of the lemniscate is
@ +yH? =207 (% =y

Then find the equation in polar coordinates. To obtain the simplest form of the equation, use the identity cos26 =
cos2 0 — sin2 6. Plot the lemniscate for a = 2 if you have a computer algebra system.

SOLUTION We compute the distances d| and d» of P(x, y) from the points (a, 0) and (—a, 0) respectively. We obtain:

di =\ =2+ (5 =02 = \J(x —? +?

d2=\/(X+a)2+(y—0)2=\/(x+a)2+y2

For the points P(x, y) on the lemniscate we have d1d> = a?. That is,

= Jo—a? + 32+ a? + 32 = [[e -2 + 2] [ + ) + 7]

= = @20+ )2 20 — )2 + 32 + @)+ v

= \/(xz —a)?+y2[(x — )2 + (x + )] + y*

:\/x4—2a2x2+a4+y2(x2—2xa+a2+x2—|—2xa+a2)+y4

— \/X4 — 2(12)62 +(14 +2y2x2 +2y2a2 + y4

= \/x4 +2x2y2 4+ y* 4+ 2a2(y2 — x2) + a*

= \/(x2 + yz)2 +2a%(y? — x2) + a*.
Squaring both sides and simplifying yields
at = (x2 + yz)2 + 2a2(y2 - x2) +a*
0= @2 +y)%+2a2(% —x%)
SO
@+ =2a°(x* = %)

We now find the equation in polar coordinates. We substitute x = r cos 6, y = r sin 6 and x> + y> = r2

of the lemniscate. This gives

into the equation

r)? = 2a*(r? cos® 0 — r? sin? 0) = 2a%r2(cos> § — sin? 0) = 2a’r* cos 20

r* = 2a%r? cos 20
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r = 0 is a solution, hence the origin is on the curve. For r # 0 we divide the equation by r2 to obtain r2 = 242 cos 26.
This curve also includes the origin ( = 0 is obtained for 6 = % for example), hence this is the polar equation of the

lemniscate. Setting a = 2 we get r2 = 8cos26.

SIEN

r2=8cos 260

48. & Let ¢ be a fixed constant. Explain the relationship between the graphs of:
(@) y=f(x+c¢)and y = f(x) (rectangular)

(b) r = f(®+c)andr = f(0) (polar)
(¢) y= f(x)+candy = f(x) (rectangular)
d) r = f(®) +candr = f(0) (polar)

SOLUTION

(a) Forc > 0,y = f (x 4 ¢) shifts the graph of y = f(x) by c units to the left. If ¢ < 0, the result is a shift to the right.
It is a horizontal translation.

y

fGx+0) f)
c

(b) As in part (a), the graph of r = f (6 + ¢) is a shift of the graph of r = f (6) by c units in 6. Thus, the graph in polar
coordinates is rotated by angle ¢ as shown in the following figure:

oy

(¢) y = f(x) + c shifts the graph vertically upward by ¢ units if ¢ > 0, and downward by (—c) units if ¢ < 0. It is a
vertical translation.

(d) The graph of r = f (0) + c is a shift of the graph of r = f (6) by ¢ units in r. In the corresponding graph, in polar
coordinates, each point with f (f) > 0 moves on the ray connecting it to the origin ¢ units away from the origin if ¢ > 0
and (—c) units toward the origin if ¢ < 0, and vice-versa for f (0) < 0.
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w1y

c>0

49. The Derivative in Polar Coordinates Show that a polar curve r = f(6) has parametric equations
x = f(6)cosb, y = f(0)sinf

Then apply Theorem 2 of Section 11.1 to prove

dy  f(@)cos6 + f'(9)sin6
dx _ —f(0)sind + f/(6)cos0

where f/(8) = df/d6.

SOLUTION Multiplying both sides of the given equation by cos 6 yields r cos® = f(6) cos8; multiplying both sides
by sin 6 yields 7 sin @ = f () sin 6. The left-hand sides of these two equations are the x and y coordinates in rectangular
coordinates, so for any 6 we have x = f(0)cosf and y = f(0) sin 6, showing that the parametric equations are as
claimed. Now, by the formula for the derivative we have

dy ¥y ©®

dx ~— X' () M

We differentiate the functions x = f () cos6 and y = f () sin 0 using the Product Rule for differentiation. This gives
y' (8) = f' (6)sin6 + f (8) cos 6
x' @) = f'(@)cos® — f (0)sinh

Substituting in (1) gives

dy  f'()sin6+ f()cos®  f(f)cosd + f'(F)sinb
dx ~ f'(®)cosd — f(@)sind  —f(0)sinf + f/ (@) cosd’
50. Use Eq. (2) to find the slope of the tangent line to r = sin6 at§ = %

SOLUTION We have f(0) = sin6, f'(8) = cos 6 and, by Eq. (2), the slope of the tangent line is

dy f(®)cosO + f/(0)sinb __ sinfcost +cosfsing  sin20
dx ~ —f(@)sind + f'(6)cos® _gin26 +cos26  cos20

Evaluating at 6 = % gives

dy_sinzT”_\/gZ_ NG
dx _COSZTN - —1/2_

Thus the slope of the tangent line to r = sin6 at = % is —/3.
51. Use Eq. (2) to find the slope of the tangent linetor = 0 at0 = % and 0 = 7.

SOLUTION In the given curve we have r = f (f) = 6. Using Eq. (2) we obtain the following derivative, which is the
slope of the tangent line at (7, 6).
dy  f(0)cosd+ f'(0)sinb fcosf +1-sind

= _ 1
dx —f@)sinf+ f/(@)cos® —0Osinh +1-cosd M

The slope, m, of the tangent line at 6 = % and 6 = 7 is obtained by substituting these values in (1). We get (60 = %):

i T in I b/
g 28 Hsing 041 1
- T oin T T s -
—*Slnj‘i‘COSj —714‘0 —
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O =m):

T COSTT + sin -7

m = TT.

—77 sin 7T + cos 7T -1

52. Find the equation in rectangular coordinates of the tangent line to r = 4 cos 36 at 6 = %

SOLUTION We have f (8) = 4cos36. By Eq. (2),

4. cos 360 cos® — 12sin 36 sin O
m = .
—4 cos 360 sinf — 12 sin 36 cos 0

Setting 6 = % yields

m =

We identify the point of tangency. For § = % we have r = 4 cos %” =4cos % = 0. The point of tangency is the origin.
1 f : _x
7 This is the line y = ek

53. Find the polar coordinates of the points on the lemniscate r2 = cos2zin Figure 23 where the tangent line is horizontal.

The tangent line is the line through the origin with slope

% = cos (21)

FIGURE 23

SOLUTION This curve is defined for —% <2t < % (where cos 2t > 0), so for —% <t < % For each @ in that range,

there are two values of r satisfying the equation (£+/cos 2¢). By symmetry, we need only calculate the coordinates of the
points corresponding to the positive square root (i.e. to the right of the y axis). Then the equation becomes r = +/cos 2¢.
Now, by Eq. (2), with f () = +/cos(2r) and f'(r) = — sin(2¢)(cos(2)) ~1/2, we have

dl _ f@)cost + f/(t)sint cos t+/cos(2t) — sin(2¢) sin t(cos(2t))7]/2

dx ~ —f@)sint 4+ f/(t)cost  — sint+/cos(2f) — sin(2t) cos (cos(2t))~1/2

The tangent line is horizontal when this derivative is zero, which occurs when the numerator of the fraction is zero and the
denominator is not. Multiply top and bottom of the fraction by /cos(2¢), and use the identities cos 2t = cos2 ¢ — sin’1,
sin2¢ = 2sint cost to get

cost cos 2t — sint sin 2t cos t(cos2 t — 3sin? t)

sin7cos2f +costsin2t  sinf cos 2t + cosf sin 2¢

1
\/3 ’

Of these possibilities, only 7 = % lie in the range —7% < ¢ < % Note that the denominator is nonzero for r = +%, so

these are the two values of # for which the tangent line is horizontal. The corresponding values of r are solutions to

1
r2=cos(2-z) =cos<z> ==
6 3 2
2 -7 T 1
re=cos|2- — :cos(——>=f
6 3 2
Finally, the four points are (r, t) =

(5D (D 6D

If desired, we can change the second and fourth points by adding 7 to the angle and making r positive, to get

(7 (&%) (&%) (H7)

The numerator is zero when cos¢t = 0, so when ¢t = % ort = 37”, or whentant = + so when t = :I:% ort = :I:%Z.
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54. Find the polar coordinates of the points on the cardioid r = 1 + cos@ where the tangent line is horizontal (see
Figure 24).
soLUTION Use Eq. (2) with f(0) =1 + cosf and f'(6) = —sinf. Then

dy f(B)cosO + f'(0)sin6 cos 6 + cos? 6 — sin? 0 _ cosf + cos20
dx — —f(®)sinf + f'(@)cosd  —sinf —cosHsinf —sinfcosh  sinf + sin26

The tangent line is horizontal when the numerator is zero but the denominator is not. The numerator is zero when
cosf + cos20 = 0. But

1
086 +c0s260 = cosf +2cos?f — 1 = (cos@— 5) (cosf + 1)

So for 0 < 6 < 27, the numerator is zero when § = 7 and when 6 = i%. For the latter two points, the denominator is
nonzero, so the tangent is horizontal at the points

9)_(3 n) (3 ﬂ)_(3 57T>
ro={23) \273)=\27

When 6 = 7, both numerator and denominator vanish. However, using L’Hopital’s Rule, we have

cos 8 + cos 260 . —sinf —2sin 26
- m - -—-————=—1IIm — =
90— sin6 + sin 26 9—m cosf + 2cos 20

so that the tangent is defined at & = m, and it is horizontal. Thus the tangent is also horizontal at the point

(r,0) =(0,m)

55. Use Eq. (2) to show that for r = sin6 + cos @,

dy  cos26 +sin26
dx ~ cos20 —sin26

Then calculate the slopes of the tangent lines at points A, B, C in Figure 19.

SOoLUTION In Exercise 49 we proved that for a polar curve r = f (0) the following formula holds:

dy _ f(©)cosé + f'(8)sinb

= 1
dx —f(0)sinf + f'(0)cosb M
For the given circle we have r = f (6) = sin@ + cos 6, hence f’ (6) = cos@ — sin §. Substituting in (1) we have
dy  (sinf +cosf)cosf + (cost) —sinf)sind  sinfcosd + c0s2 0 + cosOsind — sin? 0
dx ~ —(sin@ 4+ cosf)sinf + (cosf —sin@) cosd  —sin2H — cosH sin6 + cos2 6 — sin O cos 6
_ cos2 6 — sin2 6 + 2sin 6 cos O
cos2 6 — sin? 0 — 2sin 6 cos O
We use the identities cos® § — sin2 @ = cos 20 and 2 sin 0 cos @ = sin 26 to obtain
dy  cos20 + sin 26
et )

dx cos 260 — sin 20

The derivative % is the slope of the tangent line at (7, ). The slopes of the tangent lines at the points with polar coordinates

A=(1,%)B= (O, 3%) C = (1, 0) are computed by substituting the values of # in (2). This gives

dy :cos(Z-%)—l—sin(Z%):cosn+sin7t:—1+0:1
dx|y cos(2-%3)—sin(2-%) cosw—sinwr —1-0

dy cos<2«37”>+sin(2-37”> cos%’—}—sin%ﬂ 0—1

dxlp cos<2~37”)—sm(2.37”> N cos 3 — sin 32 0+ =1
dl :COS(2~O)—|—Sin(2-0):COSO+Sin0:1—|—0:l

dx|c cos(2-0)—sin(2-0) cosO—sin0 1-0




1452

CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS

Further Insights and Challenges

56. & Let f(x) be a periodic function of period 2mr—that is, f(x) = f(x + 27). Explain how this periodicity is
reflected in the graph of:

(a) y = f(x) in rectangular coordinates

(b) r = f(0) in polar coordinates

SOLUTION
(a) The graph of y = f(x) on an interval of length 27 repeats itself on successive intervals of length 2. For instance:

y

-12-10-8 -6 -4 —22 2 4 6 8 1012

-4
-6
-3

(b) Shown below is the graph of the function above, this time drawn in polar coordinates. The graphs of the various
branches repeat themselves and are drawn one on the top of the other.

r
2
y

57. |GU| Usea graphing utility to convince yourself that the polar equations r = f{(6) =2cos6 — landr = f,(0) =
2cos6 + 1 have the same graph. Then explain why. Hint: Show that the points (f1(6 + 7),60 + m) and (f>(6), 0)
coincide.

SOLUTION The graphs of r = 2cos6 — 1 and r = 2cos6 + 1 in the xy -plane coincide as shown in the graph obtained
using a CAS.

-2

Recall that (r, 6) and (—r, 8 4+ 7) represent the same point. Replacing 6 by 6 4+ 7 and r by (—r) inr = 2cos6 — 1 we
obtain

—r=2cos(@+m)—1
—r =—2cosf — 1
r=2cosf + 1

Thus, the two equations define the same graph. (One could also convert both equations to rectangular coordinates and
note that they come out identical.)
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58. CAS Weinvestigate how the shape of the limacon curve r = b + cos @ depends on the constant b (see Figure 24).
(a) Argue as in Exercise 57 to show that the constants b and —b yield the same curve.

(b) Plot the limacon for » = 0, 0.2, 0.5, 0.8, 1 and describe how the curve changes.

(c) Plot the limacon for b = 1.2, 1.5, 1.8, 2, 2.4 and describe how the curve changes.

(d) Use Eq. (2) to show that

dy bcos 6 + cos 20 0
dx b+ 2cosf ese

(e) Find the points where the tangent line is vertical. Note that there are three cases: 0 < b < 2,b = 1,and b > 2. Do
the plots constructed in (b) and (c) reflect your results?

1

y y
J,\X hx t—t—+1X
7\%3 W3 12 3

r=1+cos @ r=15+cos € r=23+cos 8
FIGURE 24
SOLUTION
(a) If (r, 0) is on the curve r = —b + cos 6, then so is (—r, 8 + m) since they represent the same point. Thus

—r = —b +cos(d +m)
—r = —b —cosf

r =>b+cosf

Thus the same set of points lie on the graph of both equations, so they define the same curve.

(b)

For 0 < b < 1, there is a “loop” inside the curve. For b = 0, the curve is a circle, although actually for 0 < 6 < 2n the
circle is traversed twice, so in fact the loop is as large as the circle and overlays it. When b = 1, the loop is pinched to a
point.

(c)

For b between 1 and 2, the pinch at b = 1 smooths out into a concavity in the curve, which decreases in size. By b = 2 it
appears to be gone; further increases in b push the left-hand section of the curve out, making it more convex.

(d) By Eq. (2), with f(8) = b + cosf and f'(6) = — sin 6, we have (using the double-angle identities for sin and cos)

dy f(B)cosO + f'(0)sin6 (b + cosf)cosh — sin2 6 bcos6 + cos 20

dx  —f(@)sinf + f(B)cosd  —(b+cosB)sind —sinfcosd  —bsinf — 2sin6 cosO
bcosh + cos26 (bcos@+cos29> 0
S

_sinG(b—i—ZcosQ) - b+ 2cosb
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(e) From part (d), the tangent line is vertical when either csc 6 is undefined or when b 4+ 2cos @ = 0 (as long as the
numerator b cos 6 + cos 26 # 0). Consider first the case when csc 6 is undefined, so that® = 0 or 6 = 7. If § = 0, the
numerator of the fraction is » 4+ 1 7 0 and the denominator is b + 2 # 0, so that the tangent is vertical here.

For any b, the limagon has a vertical tangent at (b + cos0,0) = (b + 1,0)

If 6 = 7, the numerator of the fraction is 1 — b and the denominator is b + 2 # 0. As long as b # 1, the numerator does
not vanish and we have found a point of vertical tangency. If b = 1, then by L’Hopital’s Rule,

= lim — =0
0—m 2cos2t — 2sin” ¢ + cost

. bcos O + cos 20 . b cos O + cos 20 . sin ¢t 4+ sin 2¢
—lim { —————— f=—1lm (———
b+ 2cosf (b +2cosf)sinf

0—m 0—m

so that the tangent is not vertical here. Thus
If b # 1, the limacon has a vertical tangent at (b +cosn, ) = (b — 1, )

Next consider the possibility that b + 2 cos& = 0; this happens when cos = —%. First assume that 0 < b < 2. This

equation holds for two values of 6: cos™! <—%) and — cos 1 (—g) Neither of these angles is O or 7, so that csc 6 is

defined. Additionally, the numerator is

hcosO +cos20 = bcosf +2cos? O — 1 :—7 +2- T 1 =-1

so that the numerator does not vanish. Thus

b b b b
For 0 < b < 2, the limacon has a vertical tangent at (*, cos™! (—7>) and <7, —cos™! (—7>>

2 2 2 2
Next assume that b = 2; then cos& = —1 holds for & = m; we have considered that case above. Finally assume that
b > 2;then cos6 = —% has no solutions. Thus, in summary, vertical tangents of the limagon occur as follows:

. é -1 _é é —cos— ! _é _
0<b<2,b#1: <2,c0s ( 2)), (2, cos ( 2)), b-1,7), b+1,0)
) b 1 b b 1 b
b=1: <72,cos (—72>>, <72,—cos (—72>), b+1,0)

b>2: (b+1,0), (b—1,7)

These do correspond to the figures in parts (b) and (c).

11.4 Area and Arc Length in Polar Coordinates

Preliminary Questions
1. Polar coordinates are suited to finding the area (choose one):

(a) Under a curve between x = a and x = b.

(b) Bounded by a curve and two rays through the origin.

SOLUTION Polar coordinates are best suited to finding the area bounded by a curve and two rays through the origin. The
formula for the area in polar coordinates gives the area of this region.

2. Is the formula for area in polar coordinates valid if f(0) takes negative values?

SOLUTION The formula for the area

B
/ f©)?do

| =

always gives the actual (positive) area, even if f(6) takes on negative values.
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1 [7/2
3. The horizontal line y = 1 has polar equation r = csc 6. Which area is represented by the integral 3 / L
/6

(Figure 12)?

(a) LJABCD (b) AABC (c) AACD

y
A B,
V3
FIGURE 12

SOLUTION This integral represents an area taken from 6 = /6 to 6 = /2, which can only be the triangle AACD, as
seen in part (c).

Exercises
1. Sketch the area bounded by the circle » = 5 and the rays 6 = % and 6 = m, and compute its area as an integral in
polar coordinates.

SOLUTION The region bounded by the circle r = 5 and the rays 6 = % and 6 = r is the shaded region in the figure.
The area of the region is given by the following integral:

1T 1T 25 25
7/ r2d0:7/ a0 =" (n- ) =20
2 Jxp2 2 Jxp2 2 2 4

W[

2. Sketch the region bounded by the line » = sec 6 and the rays # = 0 and # = % . Compute its area in two ways: as an

integral in polar coordinates and using geometry.

SOLUTION The region bounded by the line » = sec 6 and the rays § = 0 and 6 = % is shown here:

Dy

Wiy

r=sec 6

Using the area in polar coordinates, the area of the region is given by the following integral:

1 r7/3 1 r7/3 1
A=7/ r2d0=f/- sec26df = — tan @
2 Jo 2 Jo 2

= - (tanz —tanO) = £
0 2 3 2
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We now compute the area using the formula for the area of a triangle. The equations of the lines 6 = %, 6 =0, and
r = sec@ in rectangular coordinates are y = +/3x, y = 0 and x = 1 respectively (see Example 5 in Section 12.3 for
the equation of the line r = sec §). Denoting the vertices of the triangle by O, A, B (see figure) we have O = (0, 0),
A= (1, \/§> and B = (1, 0). The area of the triangle is thus

A_0B-AB _1-¥3 V3
- 2 T2 T 27
y
x=1 y=V3x
A
y=0
X
o B

3. Calculate the area of the circle r = 4 sin 6 as an integral in polar coordinates (see Figure 4). Be careful to choose the
correct limits of integration.

SOLUTION The equation r = 4 sin 6 defines a circle of radius 2 tangent to the x-axis at the origin as shown in the figure:

_r
6_2

The circle is traced as 6 varies from 0 to 7. We use the area in polar coordinates and the identity

a1
sin 9:5(1—cos29)

to obtain the following area:

1 T 2 1 T . 2 T .2 T sin 26 T
A= - redf = - (4sin6)“do =8 sin“0df =4 (1 —cos20)do =46 —
2 Jo 2 Jo 0 0 2

0
in2
=4<(7r— 81“2”)—0>=4n.

4. Find the area of the shaded triangle in Figure 13 as an integral in polar coordinates. Then find the rectangular
coordinates of P and Q and compute the area via geometry.

v

FIGURE 13

SOLUTION The boundary of the region is traced as 6 varies from 0O to % so the area is

1 r7/2 1 /2 /2
7/ r2d9=7/ 16sec2(9—5) d0=8tan<0—l)
2 Jo 2 Jo 4 4

=8(1+1)=16

0
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5. Find the area of the shaded region in Figure 14. Note that 6 varies from 0 to %

12
FIGURE 14

SOLUTION Since 6 varies from O to %, the area is

1 7/2 1 [7/2 1 [7/2
/ r%w:f/ (¥+4m%w:f/ 0% + 803 + 1602 do
2 Jo 2 Jo 2 Jo

(15 4 16 \[7? x5 2% 22
= (=6’ +26* + =0 =
2(5 MR )

o 320 716 1 3

6. Which interval of §-values corresponds to the the shaded region in Figure 15? Find the area of the region.

FIGURE 15

SOLUTION We first find the interval of 6. At the origin r = 0, so 8 = 3. At the endpoint on the x-axis, 8 = 0. Thus, 6
varies from O to 3.

Using the area in polar coordinates we obtain

13 13 3-0)3)3
Aszr%mzf/‘@—m%mz—ﬁ——L =45.
2 Jo 2 Jo 6 0

7. Find the total area enclosed by the cardioid in Figure 16.

FIGURE 16 The cardioid r = 1 — cos 6.
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SOLUTION We graphr = 1 — cos 6 in r and 6 (cartesian, not polar, this time):

(4

w

L x &
2 2
We see that as 0 varies from O to 7, the radius » increases from 0 to 2, so we get the upper half of the cardioid (the lower

half is obtained as € varies from 7 to 27 and consequently r decreases from 2 to 0). Since the cardioid is symmetric with
respect to the x-axis we may compute the upper area and double the result. Using

2y _ cos26 +1
2

Cos

we get

1 T b4 T
A=2~7/ r2d0=/ (1—cos9)2d9=/ (1—20059+00529) do
2 Jo 0 0

T 20 + 1 T /3 1
=/ 1—2c039+u d@:/ — —2cosf + —cos26 | db
0 2 0o \2 2

T 37

3 1
= —60 —2sinf + - sin 20
2 4

0
The total area enclosed by the cardioid is A = 37”
8. Find the area of the shaded region in Figure 16.

SOLUTION The shaded region is traced as 6 varies from 0 to % Using the formula for the area in polar coordinates we
get:

1 r7/2 5 1 [7/2 5 1 7/2 5
A:7/ rd@:f/‘ (1 — cos 6) dezf/ (1—2cos9+cos 0)d6‘
2 Jo 0 2 Jo

2
1 [7/2 $20 + 1 1 [7/2/3 1
:7/ | —2c0s0 4 28201 desz 2 _2c0os6 + = cos20 ) do
2 Jo 2 2 Jo 2 2
1/30 . 1. 21 //3 x 1
=—— —2sinf + —sin20 = — .— —2sin— + —sinxw | — 0
2\ 2 4 0 2\\2 2 2 4

ST ) 23T Csous
2\ 4 8

9. Find the area of one leaf of the “four-petaled rose” r = sin 20 (Figure 17). Then prove that the total area of the rose
is equal to one-half the area of the circumscribed circle.

FIGURE 17 Four-petaled rose r = sin 26.
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SOLUTION We consider the graph of r = sin 26 in cartesian and in polar coordinates:

INE]
5]
~

We see that as 6 varies from 0 to % the radius r is increasing from O to 1, and when 6 varies from % to % r is decreasing
back to zero. Hence, the leaf in the first quadrant is traced as 6 varies from 0 to % The area of the leaf (the four leaves

have equal areas) is thus
1 [7/2 1 [7/2
Asz r2d9:7/ sin® 26 d6.
2.Jo 2.Jo

Using the identity

I — cos4
sinzzezﬂ
2
we get
1 [7/2 /1 cos46 1/6 sindo\|™? 1 7 sin2mw T
A=~ SO = (2T = ((Z-ET)_0)=Z
2 Jo 2 2 2\2 8 0 2 4 8 8

The area of one leaf is A = % = 0.39. It follows that the area of the entire rose is % Since the “radius” of the rose (the

point where 6 = %) is 1, and the circumscribed circle is tangent there, the circumscribed circle has radius 1 and thus area
7. Hence the area of the rose is half that of the circumscribed circle.

10. Find the area enclosed by one loop of the lemniscate with equation r2

integration carefully.

= cos 26 (Figure 18). Choose your limits of

FIGURE 18 The lemniscate 72 = cos 2.

SOLUTION We sketch the graph of r2 = cos 26 in the (rz, 9) plane; for —% <6<

ENE]

r2

1

-
4

We see that as 0 varies from — % to 0, 2 increases from 0 to 1, hence r also increases from O to 1. Then, as 6 varies from
0to %, r2, so r decreases from 1 to 0. This gives the right-hand loop of the lemniscate.
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Therefore, the area enclosed by the right-hand loop is:

1[4, 1 (/4 1 sin 20
-~ do = — cos260df = —

/4
s = i (sin% — sin (—%)) = %

r =
2 - /4 2 - /4 2 2

11. Sketch the spiral r = 6 for 0 < 6 < 27 and find the area bounded by the curve and the first quadrant.

SOLUTION The spiral r = 6 for 0 < 6 < 2m is shown in the following figure in the xy-plane:

/’\ N r=2r
X

I, 9=0,

V.4 r=0

The spiral r = 0

r

We must compute the area of the shaded region. This region is traced as 6 varies from O to % Using the formula for the
area in polar coordinates we get

1 [7/2 1 7/2 193
A=7/ r2d9=f/ 02do = ~ —
2 Jo 2 Jo 23

12. Find the area of the intersection of the circles r = sin6 and r = cos 6.

”/22 1(71)3_ T

0

SOLUTION The region of intersection between the two circles is shown in the following figure:

y
r=sin 6

|

1

2

r=cos @

We first find the value of 8 at the point of intersection (besides the origin) of the two circles, by solving the following

: .
equation for 0 < a < X

sin @ = cos 6
b4

tanf =1=6 = —
an = 1

We now compute the area as the sum of the two areas A and A,, shown in the figure:
z
2

r=sin

|

r=cos @

Using the formula for the area in polar coordinates we get

1 r7/2 ) 1 r7/2 /1 1 1 [7/2
A1=f/ cos 9d9=7/ <f—|—7c0529> dﬁzf‘/ (14 cos20) db
2 Jrsa 2 e \2 2 4 Jap2

1 sin20\ |72 1 7 sinw r  sin%g 1/ = 1 T 1
=6+ = — — + - — + === — — -
4 2 72 4 2 2 4 2 4\ 2 4 2 16 8
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1 /4 .5 1 /4 1 1 1 /4
sin“6df = — — — —co0s260 | do = - (1 — cos20) db
0 2 Jo 2 2 4

Ay =~

272
_ 1y _sin20 A1 ((n sinF o) _

4 2 )y 4\\4 2 16 8

Notice that Ap = A as shown in the figure due to symmetry. The total area enclosed by the two circles is the sum

T 1+7l’ l_n 1,\,014
6 8/ 8 4 7

A:A1+A2=(E—8

13. Find the area of region A in Figure 19.

FIGURE 19
SOLUTION We first find the values of 6 at the points of intersection of the two circles, by solving the following equation

for—% <x<%:
1
4cos =1 = cosf = 1 = 0 =cos™! <Z)

y
0=132

0=-132

We now compute the area using the formula for the area between two curves:

A= ;/0911 ((400s9)2 - 12) do = ;/:l (16c0s20 — 1) do

cos 229+1 we get
01

Using the identity cos2 6 =

6 (O} 2(9 + 1 1 ] = — 4 20 + 70
(C ) ]) 10 / (8 [0 29 =+ ) d@ = ( sin )
2 91

1[0
a=s (7
2 ) g 2 2 J g
= 45sin20; + 70; = 8sin 0 cos O] + 70; = 8,/1 — cos2 O} cos by + 76,

Using the fact that cos 6] = % we get

V15 1
7cos ™1 <Z) ~ 11.163

A= ——
3 +

14. Find the area of the shaded region in Figure 20, enclosed by the circle r = % and a petal of the curve r = cos 36
Hint: Compute the area of both the petal and the region inside the petal and outside the circle.

FIGURE 20
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SOLUTION We compute the area A of the given region as the difference between the area A of the leaf, shown here:

wly

Ay
Q5

Vi
K
V.4 K 0

M‘§

The area, A, of the region inside the leaf and outside the circle, shown here:

SR

Ay

Computing Aq: To determine the limits of integration we use the following graph of r = cos 36:

r = cos 30

As 6 varies from — % to 0, r increases from O to 1. Then, as 6 varies from 0 to %, r decreases from 1 back to zero. Hence
the leaf is traced as 6 varies from — % to % We use the formula for the area in polar coordinates to obtain

1 [®/6 5 1 r7/6 /1 1 1 [7/6
A1=f‘/. cos 39d0=7‘/ <7+7cos60> d9=7/ (1 4 cos66) db
2J)-ns6 2J)-gie\2 2 4J-n/6

1 sin60\ /0 1/(m sinm 7 sin(—m) 1 2 =m
4 6 /6 4 6 6 6 6 4 6 12

Computing A,: The two curves intersect at the points where cos 36 = %, thatis, 0 = :i:% (see the graph of » = cos 36 in
the r0-plane). Using the formula for the area between two curves we get

Alﬂ/9 23912d91n/911691d9
2—5/_7,/9 ‘(z> —5/_,,/9(5%“’5 ‘1>

12 18 24

1 [/ 1 sin66\ |7/°
= - (142cos60) dd = - |6 +
8 J_n/9 3 3 —7/9
. : 6.
1 rr+sm%T JT_’_Sln(_T”) 1 71+«/§ _n_'_«@
8 \\o9 3 9 3 “4\9 6 ) 36 24
The required area is the difference between A and A», that is,
3 3
A=A —Ay= 2 — LAE) N BT
36 24
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15. Find the area of the inner loop of the limagon with polar equation r = 2 cos € — 1 (Figure 21).

FIGURE 21 The limagon r = 2cosf — 1.

SOLUTION We consider the graph of r = 2 cos 6 — 1 in cartesian and in polar, for — % <x <

IS E]

y

.3
r 3
X
0
_r [z mn T
2/ 3 3\ 2
-1 _x
3
r=2cosf — 1

As 0 varies from —% to 0, r increases from O to 1. As 0 varies from O to %, r decreases from 1 back to 0. Hence, the

inner loop of the limagon is traced as 6 varies from — % to % The area of the shaded region is thus

1 r7/3 1 [7/3 1 r7/3
A=7/ rzdesz (2cos0—1)2d9=7/ <4c0320—40059+1> d6
2 )3 2 )3 2 ) n3

1 r7/3 1 r7/3
:f/ (2(cos20 +1) —4cosf + 1) d@:i/ (2c0s20 —4cosO +3) db
/3

2 ) x —/3
1 T3 2 2

= — (sin260 — 4sin6 + 30) == ((sin o 4 sin r —|—rr> — (sin (——n) —4sin (_Z) — rr))
2 3 2 3 3 3 3
V343 33

= — - — =7 - —~0.54
> ) +r=m 2 0.5

16. Find the area of the shaded region in Figure 21 between the inner and outer loop of the limagon » = 2cosf — 1.

SOLUTION The region is shown in the figure below.

y

We use the following graph.

Graphof r =2cosf — 1
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As 0 varies from % to 7, r is negative and |r| increases from O to 3. This gives the outer loop of the limagon which is in
the lower half plane. Similarly, the outer loop which is in the upper half plane is traced for —7 <6 < —%.

<07, -3<r<0
Using symmetry with respect to the x-axis, we obtain the following for the area of the outer loop:

L (7 5 4 2 4 2
A=2-—| 2do=[ (@coso—1)2do = (4cos 9—4cos9+1) d6
2 Jas3 7/3

/3
s g T
:/ (2 (1 4 cos26) —4cosb + 1) d@:/ (2cos20 —4cosf +3) dO = sin260 — 4sin 6 + 36
/3 /3 /3
2 3 343
:(sin2n—4sin7t+3rr)—<sin3”—4sinz+n):3n—({—2ﬂ+n>:2n+{

Finally, to find the area of the region between the inner and outer loop of the limacon, we subtract the area of the inner
loop, obtained in the previous exercise, from the area of the outer loop:

(27T+:§\2/§)—(7T—3\2/§>=7T+3\/§

17. Find the area of the part of the circle r = sin 6 4+ cos 6 in the fourth quadrant (see Exercise 26 in Section 11.3).

SOLUTION The value of 8 corresponding to the point B is the solution of 7 = sinf + cosd =0 for -7 <0 <.

That is,

sinf + cosf =0 = sinf = —cosh = tanf = —1 = 6 :—%

At the point C, we have 8 = 0. The part of the circle in the fourth quadrant is traced if 6 varies between —% and 0. This
leads to the following area:

1[0 1[0 1[0
Azfv/ rzdesz (sin@—l—cos@)zdé’:f‘/ (sin20+25in9cos0+c0320> do
2J n/4 2J /4 2J n/4

Using the identities sin2 6 + cos2 6 = 1 and 2sin 6 cos § = sin 20 we get:

0

0 . 1 cos 20
A=— (1+sm29)d9=§ 60— >
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18. Find the area of the region inside the circle r = 2sin (0 + F) and above the line r = sec (6 — J).

SOLUTION The line r = sec ( — %) intersects the circle r = 2 sin (9 + %) when 6§ = 0and 6 = 2.

~05 0
~0.5+

Thus the area of the region inside the circle and above the line is
() R O ) Y W RS R R P
= %(2t—2$in(z+%>cos(t+%) —tan(;_ %)> Z/Z
= % (n — 2sin (%T) cos (%) — tan (%) — (—2 sin (%) cos (%) — tan (—%)))

Lati—141-n="
= —(m — — =
2 2

19. Find the area between the two curves in Figure 22(A).

Y Y r=2+sin26

r=2+cos 26

(A) (B)
FIGURE 22

1465

SOLUTION We compute the area A between the two curves as the difference between the area A of the region enclosed

in the outer curve r = 2 + cos 20 and the area A, of the region enclosed in the inner curve r = sin 20. That is,

A=A — A

r=2+2cosf

In Exercise 9 we showed that Ay = %, hence,
A=A -2

We compute the area Aj.

R

(¢))
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Using symmetry, the area is four times the area enclosed in the first quadrant. That is,
1 [7/2 /2 /2
A1:4-§/ r2d9:2/ (2+00520)2d9:2/ (4+4c0829+cos229) do
0 0 0

Using the identity cos?20 = % cos46 + % we get

/2 1 1 /2 9 1
A1=2/ <4+4c0329+5c0s46+7) d0=2/ (7+fcos49+4c0s20> do
0 0

2 2 2
5 99_|_sin49_|_2 026 m/2 ) 97'r_|_sin27t+2 . 0 o )
= — sin = — sinm | — = —
2 8 0 4 8 2
Combining (1) and (2) we obtain
o7 =«
A= — — — =4nm.
2 277

20. Find the area between the two curves in Figure 22(B).

SOLUTION Since
2+cos2(9— %) =2+cos(29 - %) =2+cos<% —29) —2+5in20

it follows that the curve r = 2 + sin 26 is obtained by rotating the curve r = 2 + cos 6 by % about the origin. Therefore
the area between the curves r = 2 + sin 26 and r = sin 26 is the same as the area between the curves r = 2 + cos 6 and
r = sin 26 computed in Exercise 19. That is, A = 4. (Notice that if the inner curve remains inside the rotated curve, the
area between the curves is not changed).

21. Find the area inside both curves in Figure 23.

y

2 +sin 26

5: cos 26
FIGURE 23
SOLUTION The area we need to find is the area of the shaded region in the figure.

y r=2+sin 26
D
A
x
C
B r=2+cos20

We first find the values of 6 at the points of intersection A, B, C, and D of the two curves, by solving the following
equation for —7 <6 < m:

24 cos20 =2 + sin 20

cos 20 = sin 26
T T 7wk
an = 4—1—71 = 8—|— )

The solutions for —7 < 6 < 7 are

b4
A O =—.
8

B 0— 3

=3

T

C: 0=——.
8

D: 9:5—ﬂ
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Using symmetry, we compute the shaded area in the figure below and multiply it by 4:

7
St
8, 3
A, 3
T on
7Q+00520
.
1 57/8 sn/8
A=4-4 =4.7./ (2+cos29)2d9=2f <4+4c0529+005229> do
2 Jays /8
5m/8 1 46 S5m/8
=2/ (4—1—400529—1—&) d@:/ (9 + 8c0s 20 + cos 40) df
/8 2 /8
) sin 40 |37/8 St omw . 57 .om 1 /. 57 o o
=96 +45sin 26 + =9|———)+4(sin— —sin— )| + — | sin — — sin — = 42
/8 8 8 4 4 4 2 2 2

22. Find the area of the region that lies inside one but not both of the curves in Figure 23.

SOLUTION The area we need to find is the area of the shaded region in the following figure:

1 r=2+sin26

~—_— -

r=2+cos26

We denote by A; the area inside both curves. In Exercise 20 we showed that the curve r = 2 + sin 26 is obtained by
rotating the curve r = cos 26 by % around the origin. Hence, the areas enclosed in these curves are equal. We denote it
by Aj. It follows that the area A that we need to find is

A=2A, —2A1=2(Ar — Ay) (D

In Exercise 20 we found that A, = 97”, and in Exercise 21 we showed that A| = 97” —442. Substituting in (1) we obtain

A=2<97”_<97”_4\/§>> — 82~ 11.3.

23. Calculate the total length of the circle r = 4 sin 0 as an integral in polar coordinates.

SOLUTION We use the formula for the arc length:

B
S = / VIO + f1(6)?ado (1)

In this case, f(8) =4sinf and f'(6) = 4cosé, hence

\/f(9)2 + f1(0)?% = \/(4 sin0)2 + (4cosf)2 = V16 =4
The circle is traced as 0 is varied from O to 7. Substituting @ = 0, § = 7 in (1) yields S = fér 4d6 = 4m.

y

)

The circle r = 4sin 6



1468 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS

24. Sketch the segment r = sec 6 for 0 < 6 < A. Then compute its length in two ways: as an integral in polar coordinates
and using trigonometry.

SOLUTION The line » = sec has the rectangular equation x = 1. The segment AB for 0 < 0 < A is shown in the
figure.

Using trigonometry, the length of the segment AB is
L=AB=0BtanA =1 -tanA =tan A

Alternatively, we use the integral in polar coordinates with () = sec(d) and f’(6) = tan @ sec 0. This gives

A

A A A
L= / \/(sec 9)2 + (tan @ sec 9)2 do = / V1 + tan20 secH do = / sec20df = tanH| =tanA.
0 0 0 0

The two answers agree, as expected.
In Exercises 25-30, compute the length of the polar curve.

25. The length of r = 62 for 0 <0<m

SOLUTION We use the formula for the arc length. In this case f (6) = 62, f'(0) =26, so we obtain
T ) T T
N =/ V(02" + (20)2do = / Vo4 + 462 do =/ 0V 62 +4d6
0 0 0

We compute the integral using the substitution u = 0% + 4, du = 26 d6. This gives

2+4 1

T 2 <<n2 +4)3/2 —43/2> - é ((n2 +4)3/2 - 8) ~ 14.55
4

Ea 1

S=- du—1.
2 )4 Viedu =33

26. The spiralr =6 for0 <6 < A

SOLUTION We use the formula for the arc length. In this case f (8) = 6, f'(6) = 1. Using integration formulas we get:

A A 0 1
S:/ \/92+12d9:/ ¢92+1019=E 92+1+51n|9+\/02—|—1|
0 0

A
0

A 1
5 A2+1+§ln|A+\/A2+1|

D
&

The spiral r = 0

27. The equiangular spiral r = e for0 <6 <2x

SOLUTION Since f(0) = &, by the formula for the arc length we have:

2w 2w 2w
L= [ Vrer st [T @ a= [ Vo a
0 0 0
2
0

:«/E/(;zn e? do = v2¢! :\/§<e2” —eo> :ﬁ(eZH - 1) ~ 755.9
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28. The inner loop of » = 2cosf — 1 in Figure 21

SOLUTION In Exercise 15 it is shown that the inner loop of the limagon » = 2 cos6 — 1 is traced as 0 varies from —%

to 5. Also,
f(@)=2cosf —1 and f/ (0) = —2sin 6.

Using the integral for the arc length we obtain

7/3 /3
L= / FO*+ f(0)*do = / \/(20030 — 12+ (~2sin6)% do
-n/3 —/3

/3 /3
:/ \/400320—4c059—|—1+4sin29d9=/ V5 = 4cos6do
—m/3

—m/3

29. The cardioid » = 1 — cos 6 in Figure 16

SOLUTION In the equation of the cardioid, f(#) = 1 — cos 8. Using the formula for arc length in polar coordinates we

have:
B
L= / VIO + f(0)?as (1

We compute the integrand:

\/f(9)2 + f1(0)? = \/(1 —cos0)2 + (sin0)2 = \/1 —2c0s0 +cos2 0 +sin?0 = /2 (1 — cosH)

We identify the interval of 6. Since —1 < cosf < 1, every 0 < 6§ < 27 corresponds to a nonnegative value of r. Hence,
0 varies from O to 2. By (1) we obtain

2
L= 2(1 —cosB) db
0

Now, 1 — cosf = Zsin2(9/2), and on the interval 0 < 6 < m, sin(6/2) is nonnegative, so that /2(1 —cosf) =

V4 sin(0 /2) = 25sin(0/2) there. The graph is symmetric, so it suffices to compute the integral for 0 < 6 < 7, and we
have

e e 0 g
L =2/ V2(1 — cos0) do :2/ 2sin(6/2)d6 = 8sin ~| =8
0 0 2o

30. r = cos2 0

SOLUTION Since cosf = cos (—6) and cos? (r—0) = cos? @ the curve is symmetric with respect to the x and y-axis.
Therefore, we may compute the length as four times the length of the part of the curve in the first quadrant. We use the
formula for the arc length in polar coordinates. In this case, f(6) = cos2 9, f/(0) =2cosf (—sin ), so we obtain

\/_]‘(6?)2 + f1(0)? = \/cos4 0 + 4 cos2 0 sin? 6 = cos 04/ cos? 6+4 sin26
= cos 01/ cos2 6 + sin? 6 + 3sin2 0 = cosfy1+3 sin? 9

Thus,

/2 /2
L =/ f©)2+ f1(0)2do =/ cos 61/ 1+ 3sin? 6 do.
0 0

We compute the integral using the substitution u = /3 sin 6 we get

2

1 V3 I 1 V3
L=—/ \/1+u2du=—(3 1—|—u2+7ln|u+\/1+u2|)
V3 Jo V3 2 0

=%(fm+;m(¢§+m)_o> =1+%ln(2+\/§>
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Graph of r = cos2 6

Thus the total length equals 4L = 4 + % In (2 + \/§> ~ 5.52.

In Exercises 31 and 32, express the length of the curve as an integral but do not evaluate it.

3. r=Q2—cos0)" !, 0<0<2x
SOLUTION We have f(0) = (2 — cos0)~ !, £/(8) = —(2 — cos8) 2 sin 6, hence,

\/f2(9) + f1(0)? = \/(2 —c0s0) "2 4 (2 —cosH) 4sin2 6 = \/(2 —cos§)™4 ((2 — cos0)2 + sin? 9)

= (2—0059)_2 \/4—40059 +c0s26 +sin2 6 = (2—0089)_2\/5 —4cosb

Using the integral for the arc length we get

2
L= V5 —4cos6(2 —cos8) 2 dg.

0

3

32. r=sint, 0<6 <27

SOLUTION We have f(t) = sin3 t, flt)y=3 sin? ¢ cos ¢, so that

,/f(t)2 + f’(t)2 = \/sin6 t +9sin?rcos2t = sin? ty/ sin? t + 9 cos? ¢

— sin? t\/sin2 t+cos2t+8cos2t = sin? tv 1+ 8cos? ¢

Using the formula for arc length integral we get

2
L=/ sinzt\/1+8cosztdt
0

In Exercises 33-36, use a computer algebra system to calculate the total length to two decimal places.

33. CHS The three-petal rose r = cos 36 in Figure 20

SOLUTION We have f(0) = cos30, f'(6) = —3sin 36, so that

\/f(9)2 + f1(6)? = \/cos2 30 4+ 9sin% 36 = \/0052 36 + sin? 30 + 8sin?30 = \/1 + 8sin2 36

Note that the curve is traversed completely for 0 < 6 < z. Using the arc length formula and evaluating with Maple gives
T T
L= f F©O?+ f1©)?do = / 1+ 8sin? 30 d6 ~ 6.682446608
0 0

34. CAS The curve r = 2 + sin 26 in Figure 23

SOLUTION We have f(0) =2 +sin26, f/(9) = 2cos 20, so that

\/f(9)2 + f1(6)? = \/(2 +5in20)2 + 4 cos2 20 = \/4 + 45in 20 + sin? 20 + 4 cos2 20

:\/4+4sin20+sin229+cos229+3c03220

= /54 45in260 + 3 cos2 20

The curve is traversed completely for 0 < 6 < 2x. Using the arc length formula and evaluating with Maple gives

2 2
L= / g FO2+ f1(6)2do =/ F©)2 + £/(8)2 d6 ~ 15.40375907
0 0
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35. CAS The curve r = 0 sin@ in Figure 24 for 0 < 6 < 4r

X

5 5
FIGURE 24 r =0sin0 for0 <9 < 4m.

SOLUTION We have f(0) = 6sin6, f/(9) =sin6 + 6 cos 0, so that

\/f(9>2 + f1(0)2 = \/92 sin 6 + (sin@ + 0 cos 0)2 = \/02 sin? @ + sinZ 6 + 260 sin O cos O + 62 cos? 6

=\/92+sin29+6sin29

using the identities sin2 6 + cos26 = 1 and 2sin 6 cos® = sin 20. Thus by the arc length formula and evaluating with

Maple, we have
4 4n
L= / VIO + f1(0)2do = / \/92 + sin? 6 + 6 sin 260 d6 =~ 79.56423976
0 0

36. CAS r=40, 0<6<4n

SOLUTION We have f(6) = v/@, f'(6) = 3671/2, 5o that

/ 1
2 / 2
VIO + f1(0) = 9+49

so that by the arc length formula, evaluating with Maple, we have

4 4 1
L= / F©O?+ f1(0)2do = / A6+ W do ~ 30.50125041
0 0

Further Insights and Challenges

37. Suppose that the polar coordinates of a moving particle at time ¢ are (r(¢), 6(¢)). Prove that the particle’s speed is

equal to \/ (dr/dt)? +r2(d6/dr)2.

SOLUTION The speed of the particle in rectangular coordinates is:

di_ AV, 1(+\2
o =/ +y' @) (D

We need to express the speed in polar coordinates. The x and y coordinates of the moving particles as functions of  are
x(t) =r(t)cosO(t), y()=r(t)sind(r)
We differentiate x(¢) and y(¢), using the Product Rule for differentiation. We obtain (omitting the independent variable ¢)
x ' =r"cos® —r(sing) 6’
y =r'sin@ —r (cos9) 6’
Hence,
P y’2 = (r' cos 6 — 6’ sin 0)2 + (' sin 6 + ro’ cos 9)2
=1 cos26 — 210’ cos 0 sin 6 + r20"* sin2 0 + r'* sin2 6 + 210’ sin? 0 cos 6 + r26'% cos2 6

g (0052 0 + sin? 0) + 207 (sin2 9 + cos? 9) =% 129 )
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Substituting (2) into (1) we get

2 2
%: /r12+r29/2:\/<2:> 42 (%)

38. & Compute the speed at time ¢ = 1 of a particle whose polar coordinates at time # are r = ¢, 60 = t (use Exercise
37). What would the speed be if the particle’s rectangular coordinates were x = ¢, y = t? Why is the speed increasing in
one case and constant in the other?

SOLUTION By Exercise 37 the speed of the particle is

ds _ (dr)ﬁ (d@) O
dt — \\dt "\
dr

Inthiscaser =tand =1 so %; = l and ‘é—? = 1. Substituting into (1) gives the following function of the speed:

ds
= =1 1?2
dr o

The speed expressed in rectangular coordinates is

d
d—j = X0+ (1)?

Ifx =t and y = t, then x’(t) = 1 and y'(¢) = 1. So the speed of the particle at time  is
d
d% =VI2+12=12

On the curve x = t, y = ¢ the particle travels the same distance At+/2 for all time intervals At, hence, it has a constant
speed. However, on the spiral » = ¢, 6 = t the particle travels greater distances for time intervals (¢, ¢t + At) as t increases,
hence the speed is an increasing function of ¢.

11.5 Conic Sections

Preliminary Questions

1. Which of the following equations defines an ellipse? Which does not define a conic section?

(@) 4x2 —9y2 =12 (b) —4x +9y2 =0
(©) 4y2+9x2 =12 d) 4x3+9y3 =12
SOLUTION

3

V3

(b) The equation —4x + 9y2 = 0 can be rewritten as x = %yz, which defines a parabola. This is a conic section.

2
2 !
(a) This is the equation of the hyperbola <i) - (z) = 1, which is a conic section.

2
S \2
(¢c) The equation 4y% + 9x2 = 12 can be rewritten in the form (L) + (’{) = 1, hence it is the equation of an
7

V3

ellipse, which is a conic section.

(d) This is not the equation of a conic section, since it is not an equation of degree two in x and y.
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2. For which conic sections do the vertices lie between the foci?

SOLUTION If the vertices lie between the foci, the conic section is a hyperbola.

y
y

Vertex

/‘ Focus |Vertex | Vertex | Focus
Vertex[ Focus Focus \Vertex N F, F,
&J

Vertex

ellipse: foci between vertices hyperbola: vertices between foci

3. What are the foci of

(2)2 + (%)2 =1 ifa<b?

SOLUTION If a < b the foci of the ellipse (g)2 + (%)2 =1 are at the points (0, ¢) and (0, —c) on the y-axis, where

c=+vb2 —d2.

y

/b F =(0,c)

Fy=(0,-c)

() + () = tia <

4. What is the geometric interpretation of b/a in the equation of a hyperbola in standard position?

SOLUTION The vertices, i.e., the points where the focal axis intersects the hyperbola, are at the points (a, 0) and (—a, 0).
The values :I:g are the slopes of the two asymptotes of the hyperbola.

Hyperbola in standard position

Exercises

In Exercises 1-6, find the vertices and foci of the conic section.

X\2 /N2
L(5) +(5) =
soLUTION This is an ellipse in standard position witha = 9 and b = 4. Hence, ¢ = v/92 — 42 = /65 ~ 8.06. The foci
are at F| = (—8.06, 0) and F, = (8.06, 0), and the vertices are (9, 0), (=9, 0), (0,4), (0, —4).
2 2
x° oy
2. —+—=1
9 + 4

SOLUTION Writing the equation in the from (’36)2 + (%)2 =1 we get an ellipse with @ =3 and b = 2. Hence

¢ =+/32 =22 =./5 ~2.24. The foci are at Fi = (-2.24,0) and F> = (2.24,0) and the vertices are (3, 0), (—3,0),
©0,2), (0, =2).
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x\2 y 2
(-G
4 9
SOLUTION This is a hyperbola in standard position with @ = 4 and b = 9. Hence, ¢ = v a2 + b2 = /97 ~ 9.85. The

foci are at (+4/97, 0) and the vertices are (42, 0).

x2

2
y

4. — — 2 =136
479

SOLUTION Putting this equation in standard form gives

X \2 y 2 ]
(3) - (%) =
so this is a hyperbola in standard position with a = 12 and b = 18. Thus

c=vVa?+b?2 =613 ~21.633

The foci are at (£6+4/13, 0) and the vertices are at (£12, 0).

x—3)\2 y+1 2
5. ——) =1
7 4
SOLUTION We first consider the hyperbola (%)2 - (%)2 = 1. For this hyperbola,a =7,b =4 and c = V7?2 + 42 =~
8.06. Hence, the foci are at (8.06, 0) and (—8.06, 0) and the vertices are at (7, 0) and (—7, 0). Since the given hyperbola

is obtained by translating the center of the hyperbola (%)2 - (%)2 = 1 to the point (3, —1), the foci are at F| =
8.06+3,0—1)=(11.06, —1)and Fp = (—8.06 + 3,0 — 1) = (—5.06, —1) and the verticesare A = (7+3,0—1) =
(10,—1)and A’ = (=7 +3,0—1) = (—4, —1).

2 2
x—3 y+1
6. +|l—) =1
() (%)
SOLUTION We first consider the ellipse (%)2 + (%)2 = 1. Hence, a =4 and b =7 so a < b and the focal axis is

vertical. ¢ = v/72 — 42 ~ 5.74 hence the foci are at (0, 5.74) and (0, —5.74). The vertices are (4, 0), (—4, 0), (0,7),
(0, —7). When we translate the ellipse so that its center is (3, —1), the points above are translated so that the new vertices
are 4+3,0-1)=(7,-1),(-4+3,0-1)=(-1,-1),(0+3,7—-1)=(3,6)and (043, =7 — 1) = (3, —8). The
new foci are at (3, 4.74) and (3, —6.74).

In Exercises 7-10, find the equation of the ellipse obtained by translating (as indicated) the ellipse

(55 () =

7. Translated with center at the origin
SOLUTION Recall that the equation

2 2
=m0 —k? _

a? b2 !

describes an ellipse with center (4, k). Thus, for our ellipse to be located at the origin, it must have equation

8. Translated with center at (—2, —12)
SOLUTION Recall that the equation

N2 N2
(x h)+(y k)

a? b2 =1

describes an ellipse with center (4, k). Thus, for our ellipse to have center (—2, —12), it must have equation

2 2
427 127

62 32 !
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9. Translated to the right six units

SOLUTION Recall that the equation

x —h)? —k)?
( . ) n (y . )" |
a b
describes an ellipse with center (&, k). The original ellipse has center at (8, —4), so we want an ellipse with center (14, —4).

Thus its equation is

a2 2
(x—14) +(y+4) _

62 32 !

10. Translated down four units

SOLUTION Recall that the equation

x —h)? —k)?
Gon? ook
a b
describes an ellipse with center (%, k). The original ellipse has center at (8, —4), so we want an ellipse with center (8, —8).

Thus its equation is

o2 2
(=87 G+8’

62 32 !

In Exercises 11-14, find the equation of the given ellipse.

11. Vertices (45, 0) and (0, ££7)

SOLUTION Since both sets of vertices are symmetric around the origin, the center of the ellipse is at (0, 0). We have
a =5 and b = 7, so the equation of the ellipse is

12. Foci (£6, 0) and focal vertices (£10, 0)

SOLUTION The equation is (5)2 + (%)2 =1 with a = 10. The foci are (£c, 0) with ¢ = 6, so we use the relation

a
c = \/a2 — b2 to find b:
PrP=a?-c?=102-6>=64=b=38

Therefore the equation of the ellipse is

13. Foci (0, £10) and eccentricity e = %

SOLUTION Since the foci are on the y axis, this ellipse has a vertical major axis with center (0, 0), so its equation is

OROS

Wehavea:%:%:%and

2500 1 40
b=va2 -2 = T_IOOZE“/ZSOO_% =3

X 2 y 2
(305) *+(505) =1

14. Vertices (4, 0), (28, 0) and eccentricity e = %

Thus the equation of the ellipse is

SOLUTION This ellipse has a horizontal major axis with center midway between the vertices, at (16, 0). Thus if the
center were at (0, 0), the ellipse would have vertices (£12, 0), so thata = 12 and ¢c = ae = 12 - % = 8. Then

b=vVa?—c2=v122-82 =80 =45
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Finally, translating the center to (16, 0), the equation of the ellipse is

() + () =

In Exercises 15-20, find the equation of the given hyperbola.
15. Vertices (£3, 0) and foci (£5, 0)

SOLUTION The equation is (%)2 - (%)2 = 1. The vertices are (a, 0) with a = 3 and the foci (£c, 0) with ¢ = 5. We
use the relation ¢ = v/ a2 + b2 to find b:

b=vV?—a2=V52 -2 =/16=4

Therefore, the equation of the hyperbola is

16. Vertices (3, 0) and asymptotes y = :I:%x

SOLUTION The equation is (%)2 - (%)2 = 1. The vertices are (fa, 0) with a = 3 and the asymptotes are y = :I:gx

with g = % Hence, b = % = % so the equation of the hyperbola is

(.X )2 y
/ =
17. FOCi (:l:4, 0) and eCCentriCity e=2

SOLUTION We have ¢ =4 and e = 2; from ¢ = ae we get a = 2, and then

b=\/cz—a2=\/42—22=2\/§

The hyperbola has center at (0, 0) and horizontal axis, so its equation is
E )2 ( y )2 -1
2 23

SOLUTION The hyperbola has a vertical focal axis and center at (0, 0), so has equation

y\2 x\2
(b) _(a) =1
b = 6 and e = 3 implies, since be = ¢, that ¢ = 18, and
a=vc2—b2=182 — 62 = /288 = 122

Thus the equation of the hyperbola is

18. Vertices (0, £6) and eccentricity ¢ = 3

O -(55) =

19. Vertices (—3, 0), (7, 0) and eccentricity e = 3

3+

SOLUTION The center is at _T7 = 2 with a horizontal focal axis, so the equation is

2
x =2 y\2
(%) -G =
Thena =7 —2=15,and ¢ = ae =5 -3 = 15. Finally,

b=V —a’ =152 -52=10v2

(57) - () -

so that the equation of the hyperbola is
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20. Vertices (0, —6), (0, 4) and foci (0, —9), (0, 7)

SOLUTION The center of the hyperbola is at — 2+4 = —1 along the y axis; we write the equation as

y+1 2 ()c )2 1
b al
b = 5 since it is the distance from the given vertex to the center, and ¢ = 8 since it is the distance from the foci to the
center. Then

a=+vc?2—b2=464—-25=4+39

() - () -

In Exercises 21-28, find the equation of the parabola with the given properties.

so that the equation of the hyperbola is

21. Vertex (0, 0), focus ({5, 0)

SOLUTION Since the focus is on the x-axis rather than the y-axis, and the vertex is (0, 0), the equation is x = ‘%Cyz.

The focus is (0, ¢) with ¢ = 11—2 so the equation is

1
X = ] y2 =3y?
4. 12

22. Vertex (0, 0), focus (0, 2)

: CORE _ 1.2 _1.2
SOLUTION The vertex is at (0, 0), so the equationis y = z-x~ = gx~.
23. Vertex (0, 0), directrix y = —5
SOLUTION The equationis y = ixz. The directrix is y = —c with ¢ = 5, hence y = %xz.

24. Vertex (3, 4), directrix y = —2

SOLUTION If the graph were translated to the origin, the vertex would be (0, 0) and the directrix would be translated

down 4 units so would be y = —6. Then ¢ = 6 so the equation is y = %xz = ﬁxz. Translating back to (3, 4) gives

L3214
Y=Y

25. Focus (0, 4), directrix y = —4

SOLUTION The focus is (0, ¢) with ¢ = 4 and the directrix is y = —c with ¢ = 4, hence the equation of the parabola is
1 2 Xz
Y4t T e

26. Focus (0, —4), directrix y = 4

2

SOLUTION The focus is at (0, ¢) with ¢ = —4 and the directrix is y = —c with ¢ = —4, hence the equation y = j—c of
2

the parabola becomes y = _%' Since ¢ < 0, the parabola is open downward.

27. Focus (2, 0), directrix x = —2

SOLUTION The focus is on the x-axis rather than on the y-axis and the directrix is a vertical line rather than horizontal

as in the parabola in standard position. Therefore, the equation of the parabola is obtained by interchanging x and y in
2

y= %xz. Also, by the given information ¢ = 2. Hence, x = iyz = ﬁy2 orx = %

28. Focus (-2, 0), vertex (2, 0)

SOLUTION The vertex is always midway between the focus and the directrix, so the directrix must be the vertical line
x = 6,and ¢ = —2 — 2 = —4. Since the directrix is a vertical line, the parabola is obtained by interchanging x and y in
the equation for a parabola in standard position. Finally, c = —2 — 2 = —4 is the distance from the vertex to the focus,
so the equation is

L) 1 2

L 5
2= —y2 o2 =2 —
* 4’ T 167
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In Exercises 29-38, find the vertices, foci, center (if an ellipse or a hyperbola), and asymptotes (if a hyperbola).
29. x2+4y2 =16
SOLUTION  We first divide the equation by 16 to convert it to the equation in standard form:

N N .
16 16 6 4 4 2/

For this ellipse, a = 4 and b = 2 hence ¢ = v/42 — 22 = /12 ~ 3.5. Since a > b we have:
e The vertices are at (4, 0), (0, £2).
e The foci are F; = (—3.5,0) and F, = (3.5, 0).

o The focal axis is the x-axis and the conjugate axis is the y-axis.
o The ellipse is centered at the origin.

30. 4x24+y2 =16
SOLUTION We divide the equation by 16 to rewrite it in the standard form:

4x2 2 2 2

e TR )

This is the equation of an ellipse with a = 2, b = 4. Since a < b the focal axis is the y-axis. Also, ¢ = 42 —22 =
V12 &~ 3.5. We get:

e The vertices are at (£2, 0), (0, £4).
e The foci are (0, £3.5).
e The focal axis is the y-axis and the conjugate axis is the x-axis.

e The center is at the origin.

2 2
— 5
3L (222) o (2E2) oy
4 7
SOLUTION For this hyperbola ¢ = 4 and b = 7 so ¢ = /42472 = /65 ~ 8.06. For the standard hyperbola
x\2 _ ()2 _
(%) = (3)” =1, we have
e The vertices are A = (4,0) and A’ = (—4, 0).
e The foci are F = (65, 0) and F/ = (—+/65, 0).
e The focal axis is the x-axis y = 0, and the conjugate axis is the y-axis x = 0.

e The center is at the midpoint of F F’; that is, at the origin.
e The asymptotes y = ﬂ:gx are y = :i:%x.

The given hyperbola is a translation of the standard hyperbola, 3 units to the right and 5 units downward. Hence the
following holds:

e The vertices are at A = (7, =5) and A’ = (—1, =5).

e The foci are at F = (3 + /65, —=5) and F/ = (3 — V65, —5).
e The focal axis is y = —5 and the conjugate axis is x = 3.

e The center is at (3, —5).

e The asymptotes are y + 5 = :i:%(x —-3).

32.3x2—27y2 =12

SOLUTION We first rewrite the equation in the standard form:

2
3x2 27y2 x2 y2 x\2 y
— =1l ——=F==1 (7)_ =] =1
I TR H 2

2
This is the equation of an hyperbola in standard position. We have a =2, b = % and ¢ = /22 + (%) ~ 2.1. Hence:

e The vertices are (£2, 0).
e The foci are (£2.1, 0).
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o The focal axis is the x-axis and the conjugate axis is the y-axis.
o The center is at the origin.
e The asymptotes are y = :I:%x, thatis, y = :l:%x,

33. 4x% —3y? + 8x + 30y =215

SOLUTION Since there is no cross term, we complete the square of the terms involving x and y separately:
4x2 — 3y2 4 8x + 30y =4(x2+2x) —3(y2— IOy) — 4+ D2 —4—3(y—5%+75=215
Hence,

4x+ 12 =3(y —5)% = 144

4x+1D> 3y -5%
144 144

(5 - () -

2
This is the equation of the hyperbola obtained by translating the hyperbola (%)2 — (\/%Tg) = 1 one unit to the left and

five units upwards. Since a = 6, b = /48, we have ¢ = /36 + 48 = +/84 ~ 9.2. We obtain the following table:

1

Standard position ~ Translated hyperbola
vertices (6, 0), (—6,0) (5,5, (=7,5)
foci (£9.2,0) (8.2,5), (—10.2,5)
focal axis The x-axis y=5
conjugate axis The y-axis x=-1
center The origin (-1,5)
asymptotes y ==%1.15x y=—115x +3.85
y=1.15x +6.15

34. y =4x?

2

SOLUTION This is the parabola in standard position y = 4—1Cx with ¢ = T16 The vertex of the parabola is at the origin,

the focus is F = <0, %) and the axis is the y-axis.
35, y =4(x — 4)2

SOLUTION By Exercise 34, the parabola y = 4x2 has the vertex at the origin, the focus at (O, %) and its axis is the
y-axis. Our parabola is a translation of the standard parabola four units to the right. Hence its vertex is at (4, 0), the focus

is at (4, %) and its axis is the vertical line x = 4.

36. 8y% + 6x2 — 36x — 64y + 134 =0

SOLUTION  We first identify the conic section. Since there is no cross term, we complete the square of the terms involving
x and y terms separately:

8y2 + 6x2 — 36x — 64y + 134 = 6 (x2 - 6x) +8 <y2 - Sy) 134
=6(x —3)> —54+8(y—4)> — 128+ 134
=6(x —3)% +8(y —4)% — 48
We obtain the following equation:
6(x —3)>+8(y—4)2—-48=0
3x =32 +4(y—4)2 =24

() ()

2 2
We identify the conic as a translation of the ellipse (%) + %) = 1, sothat the centeris atc = (3, 4). Sincea = \/g,

b= +/6and a > b the foci of the standard ellipse are (—ﬁ 0) and (ﬁ O) for /2 = ¢ = Va2 — b2. Hence the foci
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of the translated ellipse are (3 — ﬁ, 4) and (3 + /2, 4). The vertices (:I:\/g, O) and (O, :I:«@) of the standard ellipse

are translated to the points (3 + /8, 4) and (3, 4+ \[6) The focal axis is the line y = 4, and the conjugate axis is the
line x = 3.

37. 4x? +25y% — 8x — 10y =20

SOLUTION  Since there are no cross terms this conic section is obtained by translating a conic section in standard position.
To identify the conic section we complete the square of the terms involving x and y separately:

2
4x% +25y> —8x — 10y = 4<x2 —2x> 425 <y2 _ gy>

1 2
2
=4(x —1) —4+25<y—§> —1

1 2
:4(x—1)2+25<y—g> —5=20

Hence,

2
2 1\
4x—1) +25<y—§> =25
Lo 12—1
25 YTs5) T
2
<x—1) +< 1)2 1
y—= =
5
3 5

2
This is the equation of the ellipse obtained by translating the ellipse in standard position (%) + y2 = 1 one unit to the

2

2
right and % unit upward. Since a = %, b =1wehavec = (%) 1 & 2.3, so we obtain the following table:
Standard position Translated ellipse
: 5 51 1
Verices | (£3.0), 0.1 (1£3.4). (1. 4+1)
Foci (-23,0.23.0  (-13.4).(33.)

Focal axis The x-axis y= %
Conjugate axis The y-axis x=1
Center The origin (l, %)

38. 16x2 + 25y% — 64x — 200y + 64 = 0

SOLUTION There is no cross term in this equation, so the conic section is obtained by translating a conic section in
standard position. Complete the square in each variable:

—64 = 16x% + 25y% — 64x — 200y = 16x2 — 64x + 64 + 25y% — 200y + 400 — 64 — 400
=16(x% — 4x +4) +25(y% — 8y + 16) — 464 = 16(x — 2)% + 25(y — 4)> — 464
Collecting constants gives
16(x — 2)2 +25(y — 4)% = 400

and dividing through by 400 gives an ellipse whose equation in standard form is so that the curve is an ellipse whose

equation in standard form is
x—2\2 (s 2 .
5 4 -

Thus the center of the ellipse is (2, 4). The focal axis is y = 4, because @ = 5 and b = 4 imply that the focal axis is
horizontal. Thus the conjugate axis is x = 2. ¢ = v/a2 — b2 = /25 — 16 = 3. Thus

e The vertices are (2 +5,4) and (2,4 £ 4), so are (—3,4), (7,4), (2,0), and (2, 8).

e The foci are (2 £ 3, 4) so are (5,4) and (—1, 4).
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In Exercises 39—42, use the Discriminant Test to determine the type of the conic section (in each case, the equation is
nondegenerate). Plot the curve if you have a computer algebra system.

39. 4x? + 5xy +7y> =24

SOLUTION Here, D =25 —4 -4 -7 = —87, so the conic section is an ellipse.
40. x> —2xy +y> +24x —8=0

SOLUTION Here, D =4 —4.1-1 =0, giving us a parabola.

41. 2x> —8xy +3y> —4=0

SOLUTION Here, D = 64 — 4 -2 -3 = 40, giving us a hyperbola.

42. 2x% —3xy+5y2—4=0

SOLUTION Here, D =9 —4-2.(5) = —31, giving us an ellipse or a circle. Since the coefficients of x2 and y? are
different, the curve is an ellipse.

43. Show that the “conic” x> + 3y? — 6x 4+ 12y + 23 = 0 has no points.
SOLUTION Complete the square in each variable separately:

2B =x2—6x+3y2+ 12y =2 —6x+D+ B>+ 12y +12) —9— 12 = (x —3)2 +3(y +2)> — 21
Collecting constants and reversing sides gives
(x =32 +3(y+2)>=-2

which has no solutions since the left-hand side is a sum of two squares so is always nonnegative.
44. For which values of a does the conic 3x2 + 2y2 — 16y + 12x = a have at least one point?

SOLUTION Complete the square in each variable:
a=3x2 42y — 16y +12x =3x2 + 12x + 12+ 2y2 — 16y +32 - 12 =32 =3(x + 2)> +2(x —4)> — 44
so that, collecting constants,
3 +22 420 — 4 =a+44

The left-hand side is a sum of two squares, so is always nonnegative, so in order for the conic (ellipse) to have at least
one point, we must have a + 44 > 0, or a > —44.
b . ..
45. Show that — = /1 — €2 for a standard ellipse of eccentricity e.
a
SOLUTION By the definition of eccentricity:

e=— 1
a

For the ellipse in standard position, ¢ = v/a2 — b2. Substituting into (1) and simplifying yields

Va2 —b? \/az—bz \/ b\2
e = = = 1—<7)
a a2

a

We square the two sides and solve for %:
b\>  (b\? b
e2:1—<7) :>(7> =l-=-=VI-¢
a a a

46. Show that the eccentricity of a hyperbola in standard position is e = /1 + m2, where m are the slopes of the
asymptotes.

SOLUTION By the definition of eccentricity, we have:
=< M
a
For the hyperbola in standard position, ¢ = v/a2 + b2, by substituting in (1) we get
/a2 1 b2 24 p2 b\ 2
oo YAt :\/aJr2 =\/1+<) )
a a a

The slopes of the asymptotes are :I:%. Setting m = g we get

e=+v1+m?
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47. Explain why the dots in Figure 23 lie on a parabola. Where are the focus and directrix located?

FIGURE 23

SOLUTION All the circles are centered at (0, ¢) and the kth circle has radius kc. Hence the indicated point Pj on the kth

circle has a distance k¢ from the point F' = (0, ¢). The point Py also has distance k¢ from the line y = —c. That is, the
indicated point on each circle is equidistant from the point F' = (0, ¢) and the line y = —c, hence it lies on the parabola
with focus at F = (0, ¢) and directrix y = —c.
y
Py
3¢ P

0, ¢) 2c 3c

P, 2c

48. Find the equation of the ellipse consisting of points P such that PF| + PF, = 12, where F| = (4,0) and
F, =(-2,0).

SOLUTION This is a translation one unit to the right of an ellipse in standard position with foci F1 = (3,0) and
F>, = (=3, 0); points P on this ellipse therefore also satisfy the equation PFy + PF, = 12. But PF| + PF, = 2a

so that a = 6; since (3, 0) is a focus, ¢ = 3, so that b = va2 — ¢2 = /36 — 9 = 34/3. The equation of the ellipse in
standard position is therefore

so that the equation of the desired ellipse is

M—Fﬁ:l
36 27

49. A latus rectum of a conic section is a chord through a focus parallel to the directrix. Find the area bounded by the
parabola y = x2 /(4c) and its latus rectum (refer to Figure 8).

SOLUTION The directrix is y = —c, and the focus is (0, ¢). The chord through the focus parallel to y = —c is clearly
y = c; this line intersects the parabola when ¢ = x2 /(4c) or 4c? = x2, so when x = £2c¢. The desired area is then
2¢ 1 1 2¢
/ c——x%dx=(cx— —x3
_2¢ 4c 12¢ _2¢

2 2
50. Show that the tangent line at a point P = (xq, yg) on the hyperbola (f) — <7> = 1 has equation
a

Ax — By =1

il amdB:y—0

where A = — .
a? b2

SOLUTION The equation of the tangent line is

_ o dy
y—yo=m(x —xp); m= (D
dx X=X0,Y=Y0
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To find the slope m we first implicitly differentiate the equation of the hyperbola with respect to x, which gives

2(3)-32G) 4 -0

We substitute x = xg, y = yg to obtain the following slope of the tangent line:

b2x0 X0 b? 1 A
m=——=".—=A.— == )
ayo da*> yo B B

Substituting (2) in (1) gives

A( )
-y == (x —x
y=yw=13 0

By — Byy = Ax — Axg = Ax — By = Axg — By 3)
Now,
2 2
_ %0 Yo X Yo
AXO_BYO—aTXO_ﬁyo_aT_bT

and the point (xg, yg) lies on the hyperbola so

2 2
oY _
a2 b2 '

therefore Axg — Byg = 1. Substituting in (3) we obtain Ax — By = 1.

In Exercises 51-54, find the polar equation of the conic with the given eccentricity and directrix, and focus at the origin.
51. e = l, x=3

SOLUTION Substituting e = % and d = 3 in the polar equation of a conic section we obtain

ed 1.3 3 3
= = 2 = =1 =
1+ ecosf 1+%c059 2 4 cosf 2+ cosf

52.e=%, x=-3

SOLUTION We use the polar equation of a conic section with e = % and d = —3 to obtain

ed 5-(=3) -3 -3
= = 2 = =1 =
1+ ecosf 1_;_%0059 2 4 cosf 2+ cosf

53.e=1, x=4

SOLUTION We substitute e = 1 and d = 4 in the polar equation of a conic section to obtain

_ ed _ 1-4 _ 4 —r o 4
" l4ecos® 1+4+1-cos® 1+cosb r_l—{—cos@

r

54. e=5, x=-4

\SI[O8)

SOLUTION Substituting e = % and d = —4 in the polar equation of the conic section gives

ed 3 (-4 ~12 ~12
r = =2 = =r =
1+ ecosh 1+%C059 24 3cosé 2+ 3cosf

In Exercises 55-58, identify the type of conic, the eccentricity, and the equation of the directrix.

8
5. r=—
1+4cosf

SOLUTION Matching with the polar equation r = H;ﬁ we get ed = 8 and e = 4 yielding d = 2. Since e > 1, the
conic section is a hyperbola, having eccentricity e = 4 and directrix x = 2 (referring to the focus-directrix definition (11)).
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8

56. r = ——
" 4 4 cosf

SOLUTION To identify the values of e and d we first rewrite the equation in the form r = H_;%:

8 2
r = =
4+ cos6 1+%cos@

Thus, ed =2 and e = J—‘, yielding d = 8. Since e < 1, the conic is an ellipse, having eccentricity e = % and directrix
x =38.

8

5. r= ——
" 44 3cosb

SOLUTION  We first rewrite the equation in the form obtaining

_ ed
'= T¥ecoso’
2
r=—a—"
1+ 5 cosf
Hence, ed =2 and e = % yielding d = % Since e < 1, the conic section is an ellipse, having eccentricity e = % and
8

directrix x = 3

12

58.r=—7"—"—
4+ 3cosb

: s : _ ed .
SOLUTION We rewrite the equation in the form of the polar equation r = 7 Tecosd:

12 3

r = =
4+3COS9 1_{_%(:050

Hence, ed =3 ande = % which implies d = 4. Since e < 1, the conic section is an ellipse having eccentricity e = % and
directrix x = 4.

59. Find a polar equation for the hyperbola with focus at the origin, directrix x = —2, and eccentricity e = 1.2.
SOLUTION We substitute d = —2 and e = 1.2 in the polar equation r = H_:ﬁ and use Exercise 40 to obtain
1.2-(-2) —2.4 —12 12

r —

- 14+1.2cos0 1+ 1.2cos6 - 5+ 6¢cos6 - 5 —6c¢cos0

60. Let C be the ellipse r = de/(1 4+ e cos 6), where e < 1. Show that the x-coordinates of the points in Figure 24 are as
follows:

Point A Cc P Al

, de de? 2de? de
x-coordinate — — —
e+1 1—e2 1—e2 1—e

FIGURE 24

. . Y . _ de .
SOLUTION To find the x coordinate of A we substitute & = 0 in the polar equation r = TTecosd" This gives

d d
xpa=rcosO=r= ¢ -4 (1)
14 ecosO 1+e
The point A’ corresponds to 6 = 7, so
de de
XAr =TCOSTT = —F = =— 2)

_l—l—ecosrr l—e
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The center C is the midpoint of A’A. From (1) and (2) we obtain

1+e 1—e

3

xat+xy 1 ( de de )_ de(1—e) —de(1+e)  —de?
2 2 -

€= =32 20+teod—e  1_e

Finally, one focus is at the origin; the center C is the midpoint of F| F>. Thus

_xpl+xF2 0—|—sz XF,

=T =T, T, PiRske
Using (3), we obtain
—2de?
X =
2 1—¢2
61. Find an equation in rectangular coordinates of the conic
16
yr = —
5+ 3cosé

Hint: Use the results of Exercise 60.

SOLUTION Put this equation in the form of the referenced exercise:

16 _ . 5
54+ 3cosf 1+%cosé 1+%cos«9

v

16 3
3

so thate = % andd = 13—6 Then the center of the ellipse has x-coordinate

_de _ Bem_ 165 25
1—e2 1— % 3 25 16
and y-coordinate 0, and A" has x-coordinate
_de _ F3_ 1635
l—e 1— % 3 5 2
and y-coordinate 0, so a = —3 — (—8) = 5, and the equation is

2
3 2
(2 o
5 b
To find b, set 6 = %; then r = 15—6 But the point corresponding to 6 = % lies on the y-axis, so has coordinates (0, %)
This point is on the ellipse, so that

2
0+3\2 (% 256 16 256
— =1 =— =16 b=4
( 5 ) +(b AT~ B T -

and the equation is

d d d
62. Let e > 1. Show that the vertices of the hyperbola r = L have x-coordinates ¢ an ¢

1+ecosf e+1 e—1"

SOLUTION Since the focus is at the origin and the hyperbola is to the right (see figure), the two vertices have positive x
coordinates. The corresponding values of  at the vertices are # = 0 and § = 7. Hence, since e > 1 we obtain

de de
= 0 = =
x4 =Ir@)l ’1+ecos0’ 1+e
I (7| de de de
;= |\r (7w = = =
A 1+ecosm 1—e e—1
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63. Kepler’s First Law states that planetary orbits are ellipses with the sun at one focus. The orbit of Pluto has eccentricity
e ~ 0.25. Its perihelion (closest distance to the sun) is approximately 2.7 billion miles. Find the aphelion (farthest
distance from the sun).

SOLUTION We define an xy-coordinate system so that the orbit is an ellipse in standard position, as shown in the figure.

y

A’(—LI,O)/' “A(u,()) .

The aphelion is the length of A’ Fy, that is a + c. By the given data, we have

0.25=e= - = c=025
a
a—c=2T=c=a-2]7
Equating the two expressions for ¢ we get

0.25a =a — 2.7
2.7
075 =27T=>a=——=36,c=36-27=09
0.75
The aphelion is thus

A'Fy =a+ c =3.6+0.9 = 4.5 billion miles.

64. Kepler’s Third Law states that the ratio T/ a3/%is equal to a constant C for all planetary orbits around the sun, where
T is the period (time for a complete orbit) and a is the semimajor axis.

(a) Compute C in units of days and kilometers, given that the semimajor axis of the earth’s orbit is 150 x 10° km.
(b) Compute the period of Saturn’s orbit, given that its semimajor axis is approximately 1.43 x 10° km.
(c) Saturn’s orbit has eccentricity e = 0.056. Find the perihelion and aphelion of Saturn (see Exercise 63).

SOLUTION
(a) By Kepler’s Law, % = C. For the earth’s orbit ¢ = 150 x 10 km and T = 365 days. Hence,
a

T 365 _ 365
a3z (150 x 106)3/2 1837.12 x 109

= 1.987 - 10719 days/km

(b) By Kepler’s Third Law and using the constant C computed in part (a) we get

T —_—
32 = ¢
T -10
waae?

T = (1.987 x 10~19)(1.43 x 10%)*/*

= 10,745 days.
(c) We define the xy-coordinate system so that the orbit is in standard position (see figure). (The sun is at one focus.)

y

A'/_‘m/x .
CaON____ [ Fie0 S @0’

The perihelion is a — ¢ and the aphelion is a + c. By the given information a = 1.43 x 10° km and e = 0.056. Hence

e=S20056=—" = ¢=0.08 x 10° km
a 1.43 x 10°

We obtain the following solutions:
perihelion = a — ¢ = 1.43 x 10° — 0.08 x 10° = 1.35 x 10° km
aphelion = a + ¢ = 1.43 x 10° + 0.08 x 10° = 1.51 x 10° km
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Further Insights and Challenges
65. Verify Theorem 2.

SOLUTION Let F| = (c¢,0) and F», = (—c, 0) and let P (x, y) be an
constant a,

PF| — PF, ==+2a
y
Fy=(=c.0) Fi=(c
= ?
- /
TRP=(x,

Using the distance formula we write this as

arbitrary point on the hyperbola. Then for some

. 0)

)

Ja—0? 432 = Ja e +y? =+,

Moving the second term to the right and squaring both sides gives

\/(x—c)2+y2=\/(x+c)2+y2:|:2a
=4y =+ 0? + 3 tday (x + )% +y2 +4d°
(x —c)2 —(x +c)2 — 44 = :l:4a\/(x+c)2+y2
xc—i—a2 ::l:a\/(x—i—c)2—|—y2

We square and simplify to obtain

x2c% 4 2xca?® + a* = d? ((x + c)2 + y2)

= a®x? +2a’xc + a*c* + a2y2

a2y? = 42 (Cz _ az)

(C2 — Ll2> X2 —
x2

2y
2 2_a2
For b = v/¢2 — a? (orc=\/a2+b2)weget
2 2 2
L_L_lé(f) _<X
a2 b2 a b

)2=1.

66. Verify Theorem 5 in the case 0 < e < 1. Hint: Repeat the proof of Theorem 5, but set ¢ = d/ (e72 - 1.

SOLUTION We follow closely the proof of Theorem 5 in the book,

which covered the case e > 1. This time, for

0 < e < 1, we prove that PF = eP D defines an ellipse. We choose our coordinate axes so that the focus F lies on
the x-axis with coordinates F' = (c, 0) and so that the directrix is vertical, lying to the right of F at a distance d from

F. As suggested by the hint, we set ¢ =

e—2-1°

but since we are working towards an ellipse, we will also need to let

b = va? — ¢2 as opposed to the v/¢2 — a2 from the original proof of Theorem 5. Here’s the complete list of definitions:

The directrix is the line

x:c—i—d:c—{—c(e*z—l):ce*

Now, the equation

PF=e¢-PD

2
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for the points P = (x, y), F = (¢, 0),and D = (a/e, y) becomes

Ja—o2ty2 = - @e)?

Returning to the proof of Theorem 5, we see that this is the same equation that appears in the middle of the proof of the
Theorem. As seen there, this equation can be transformed into

x2 y2

a2 a2 -1 B
and this is equivalent to

x2 y2

4+ - =
a2 a2 -é?)

Since a2(1 —e2) =a? — a?e? = a® — ¢? = b2, then we obtain the equation of the ellipse
2 2
X y
=1
a2 b2

67. Verify that if e > 1, then Eq. (11) defines a hyperbola of eccentricity e, with its focus at the origin and directrix at
x =d.

SOLUTION The points P = (r, #) on the hyperbola satisfy PF = eP D, e > 1. Referring to the figure we see that
PF=r,PD=d—rcosf (D
Hence

r =e(d —rcosf)

r =ed — ercosf
ed

r(l14+ecosb) =ed = r T ecosd

rcos @

Remark: Equality (1) holds also for 6 > % For example, in the following figure, we have

PD=d+rcos(m—0)=d —rcosé
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Reflective Property of the Ellipse In Exercises 68-70, we prove that the focal radii at a point on an ellipse make equal
angles with the tangent line L. Let P = (xq, yo) be a point on the ellipse in Figure 25 with foci F| = (—c,0) and
Fy = (c,0), and eccentricity e = c/a.

Ry=(ay, B vy
\

N\ P = (xg, ¥o)

/ T o= (. B)
/ _ \\92 I
I 7 \
L= N X
Fi=(-c,0) Fy=(c, 0)

x\2 y\2
FIGURE 25 The ellipse (=) +(3) = 1.
a b
68. Show that the equation of the tangent line at P is Ax + By = 1, where A = x—g and B = z—g
a
SOLUTION The equation of the tangent line is
dy
y—yo=m(x—xg); m=—— ()]
x| —xg,y=yo

2
To find the slope m we implicitly differentiate the equation of the ellipse Z—; + ly,T = 1 with respect to x. We get

2 2y oy x b <X>

a? p2 b2 a? a?

y
We substitute x = xg, y = yg to obtain the following slope of the tangent line:

Substituting in (1) and simplifying gives

A( )
—yw=—-—-x
y—=>Yo B 0
By — Byyg = —Ax + Axo
Ax + By = Axg + Byg
Now,

2
X ¥
Axo+ Byg = -2 + 22,
ot By=-3+
sowe get Ax + By = 1.
69. Points Ry and R, in Figure 25 are defined so that F{ R and F> R; are perpendicular to the tangent line.

(a) Show, with A and B as in Exercise 68, that
aj+c _ap—c A

Bi B2 B

(b) Use (a) and the distance formula to show that

R _ A
PRy By
(c) Use (a) and the equation of the tangent line in Exercise 68 to show that
B(1+ Ac) B(1 — Ac)
h="wip "= poip

SOLUTION
(a) Since R = (@1, B1) and Ry = (a2, f7) lie on the tangent line at P, that is on the line Ax + By = 1, we have

Aal + B.Bl =1 and Aot2 + Bﬂz =1
The slope of the line Ry Fy is % and it is perpendicular to the tangent line having slope —%. Similarly, the slope of
the line Ry F5 is af 2 - and it is also perpendicular to the tangent line. Hence,
a1 +c A ap—c A
= — and =—

Bi B B2 B’
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(b) Using the distance formula, we have

—_—2
RiF = (a1 + 0%+ 7

A 2
RiFi* = p? ((“1/;:‘) + 1) (1)

Thus,

By part (a), aEC = %. Substituting in (1) gives
2
— 9 A
RiF|” = p7 (32+1> &)
Likewise,
X 2 2 2( (%2 —¢ 2
RyFy =(wm—0)"+ " =5 +1 3)
B2
but since ot%;c = %, substituting in (3) gives
— 2 A2
RyFy” =By ﬁ+1 . )
Dividing, we find that
rRib-_ B R A
RES B RF, B
as desired.
(c) In part (a) we showed that
Aa; +Bp1 =1
pp _B
ap+c A
Eliminating | and solving for 8 gives
B(1+ Ac)
= —. 5
' AT B2 ©)
Similarly, we have
Aay + BBy =1
P _ B
ap—c A
Eliminating «p and solving for 8, yields
by = B (1 - Ac) ©)
2T Ay p?

70. (a) Prove that PF| = a + xge and P F) = a — xqge. Hint: Show that P F 2_PpPR2= 4xgc. Then use the defining
property P F; + P F, = 2a and the relation e = c¢/a.

FIRi _ KRy

PF, ~ PF’

(¢) Show that sin #; = sin 6. Conclude that 8] = 6.

(b) Verity that

SOLUTION

(a) Using the distance formula we have
-2 -2
PF"=(o+0*+y% PR =@x—c)’+)y°
Hence,

—2 —2
PF| —PF = (xy+0%+y?—(xg—0)?—»*
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= (¥ +0)* = (xg — ©)°
= x02 + 2xpc + P x02 + 2xpc — = 4xqc
That is, PiFl2 - P7F22 = 4xqc. Now use the identity u2 — v = (u — v) (u + v) to write this as
(PFi — PFy) (PF1 + PFp) = 4xoc M
Since P lies on the ellipse (%)2 + (%)2 =1 we have
PF+PF, =2a @)
Substituting in (1) gives
(PiFl—Pin)-Za = 4xpc
We divide by a and use the eccentricity e = £ to obtain
PF| — PFy = 2xpe
Solve this equation together with equation (2) to see that
Tﬂ:a+xoe, Pinza—er

(b) Substituting the expression for 81 from Eq. (5) in Exercise 69 into Eq. (2) in Exercise 69 yields

B2

=52 _ B+A0? (a2 _ BX1+A0)*(A*+BY)  (1+A40)?
P = a2 B2)2 T A2y BY2pr T A2y p?

and similarly, substituting the expression for g, from Eq. (6) in Exercise 69 into Eq. (4) in Exercise 69 yields

B2

5 B2(1—Ac)? [ A? _ B2(1—A0*(A2+ BY) (1 — Ac)?
© (A2+B2)2B2 A%+ B?

RoFy = (A2_|_32)2

Taking square roots and dividing these two formulas gives

1+Ac
R F _ AA2Z+B?2 14 Ac
R, F, —l=Ac 71— Ac

+/A2+B?

Substitute ¢ = ea and A = z—‘z’ (from Exercise 68) to get

R1F1_1+xz#_l+%e a + xpe

R2F2_1_7x22a _l—xaﬂ_a—xoe

But part (a) showed that P F| = a + xge and P F) = a — xge, so that

RF _PH N 1F1_ Ry
R,F, PF PF, PF,

=
=
S

(¢) Since RiFi _ gin 01 and RyFy
PF,

PF,

= sin 6, we get sin 8 = sin 6, which implies that 8] = 6, since the two angles are
acute.

71. & Here is another proof of the Reflective Property.

(a) Figure 25 suggests that £ is the unique line that intersects the ellipse only in the point P. Assuming this, prove that
QF| + QF) > PF| + PF, for all points Q on the tangent line other than P.

(b) Use the Principle of Least Distance (Example 6 in Section 4.7) to prove that 6] = 6,.

SOLUTION

(a) Consider a point Q # P on the line £ (see figure). Since £ intersects the ellipse in only one point, the remainder of
the line lies outside the ellipse, so that Q R does not have zero length, and F> QR is a triangle. Thus

QF 1 +QF,=QR+RF1+QF,=RF| +(QR+ QF)) > RF| + RF,

since the sum of lengths of two sides of a triangle exceeds the length of the third side. But since point R lies on the ellipse,
RF) + RF, = PF; + PF,, and we are done.
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(b) Consider a beam of light traveling from F; to F, by reflection off of the line £. By the principle of least distance,
the light takes the shortest path, which by part (a) is the path through P. By Example 6 in Section 4.7, this shortest path
has the property that the angle of incidence (61) is equal to the angle of reflection (65).

72. Show that the length QR in Figure 26 is independent of the point P.

=

y=cx?

FIGURE 26

SOLUTION We find the slope m of the tangent line at P = (a, caz):

2/
m = (cx?) =2cx = 2ca

X=a X=a

The slope of the perpendicular line P Q is, thus, —ﬁ, and the equation of this line is

1 1
yocal=——(x—a)=y=———+ca® + —
2ca 2ac 2c

The y-intercept of the line PQ is y = ca? + 21—0 We now find the length QR, by computing the distance between the
points Q(0, ca® + 5-) and P(0, ca®). This gives

— 1 1
2 2

R_- _— [

OR =ca —|—2C ca =7

Indeed, the length QR is independent of a, i.e. it is independent of the point P.

73. Show that y = x2 /4c is the equation of a parabola with directrix y = —c, focus (0, c¢), and the vertex at the origin,
as stated in Theorem 3.

SOLUTION The points P = (x, y) on the parabola are equidistant from F = (0, ¢) and the line y = —c.

That is, by the distance formula, we have

PF=PD

VAZ+ (=2 =ly+c

Squaring and simplifying yields
Py -ot=0+0?
xz—i—yz—Zyc—l—c2 =yz—i—2yc—i-c2

x% - 2yc =2yc
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2

x2:4yc:>y:x—
4c

Thus, we showed that the points that are equidistant from the focus F = (0, ¢) and the directrix y = —c satisfy the
2
equation y = .

74. Consider two ellipses in standard position:
2 2
X y
Eq: — — ] =1
: (a 1 > " (bl )
2 2
e () )
a by

We say that E is similar to E, under scaling if there exists a factor » > 0 such that for all (x, y) on E{, the point (rx, ry)
lies on E5. Show that E| and E, are similar under scaling if and only if they have the same eccentricity. Show that any
two circles are similar under scaling.

SOLUTION If E and E; are similar under scaling, then since (aj, 0) and (0, b1) are points on the first ellipse, the
scaled points (ray, 0) and (0, 7b1) must be on the second ellipse. This implies that (ray /a2)2 + (O/bz)2 = 1 and that
(0/a1)2 + (rbl/b2)2 = 1, which means that ra; & ap and rb; = £b,. But, since r, ay, and a; are all positive, then this
implies that ap = raj and by, = rby, and so

czz\/ag—bgzr a%—b%zrcl.
Thus,

] ra C1
ez:—zi——

= = el
az riaj ai

and so the two ellipses have the same eccentricity. On the other hand, if the two ellipses have the same eccentricity, then

which implies

2 2
h_ )k
2= 2
a @

and this implies that by /ay = +b /a1 and so by /ar = by /ay (recall that all constants are positive). Define r = by /by.
Then, by = rby, but since by /ap = b /a; we get that ap = raj as well. Thus, for the point (x, y) on the first ellipse, we

have that
2 2
() +(G) =
aj by

If we put the scaled point (rx, ry) into the second ellipse, we get

rx 2+ ry 2_ rx 2+ ry 2_ X 2+ y 2_1
ay by)  \ra rby ) \a b))
which implies that E» is a scaled version of E. Since all circles have eccentricity 0, then they are all similar under scaling.

75. & Derive Eqgs. (13) and (14) in the text as follows. Write the coordinates of P with respect to the rotated axes
in Figure 21 in polar form x” = r cos«, y’ = r sin @. Explain why P has polar coordinates (r, & + ) with respect to the
standard x and y-axes and derive Eqs. (13) and (14) using the addition formulas for cosine and sine.

SOLUTION If the polar coordinates of P with respect to the rotated axes are (r, «), then the line from the origin to P
has length r and makes an angle of o with the rotated x-axis (the x’-axis). Since the x’-axis makes an angle of & with the
x-axis, it follows that the line from the origin to P makes an angle of o + 6 with the x-axis, so that the polar coordinates
of P with respect to the standard axes are (r,  + 6). Write (x’, y) for the rectangular coordinates of P with respect to
the rotated axes and (x, y) for the rectangular coordinates of P with respect to the standard axes. Then

x =rcos(a +6) = (rcosa)cosd — (rsina)sind = x" cosd — y'sin @

y =rsin(e +6) = rsinacosd + rcosasin® = (rcosa)sinb + (r sina) cosd = x’sind + y’ cos 6
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76. If we rewrite the general equation of degree 2 (Eq. 12) in terms of variables x” and y’ that are related to x and y by
Egs. (13) and (14), we obtain a new equation of degree 2 in x and y’ of the same form but with different coefficients:

a'x? +b'xy —I—c/y2 +dx+ey+f =0

(a) Show that b’ = bcos26 + (c — a) sin 26.
(b) Show that if b # 0, then we obtain b’ = 0 for

0 1 t_la—c
= —co
2 b

This proves that it is always possible to eliminate the cross term bxy by rotating the axes through a suitable angle.

SOLUTION

(a) Ifwepluginx = x"cos® — y'sin and y = x’ sin 6 + y’ cos 6 into the equation ax2 + bxy + cy? +dx + ey + f =
0, we will get a very ugly mess. Fortunately, we only care about the x’y’ term, so we really only need to look at the
ax? + bxy + cy2 part of the formula. In fact, we only need to pull out those terms which have an x’y’ in them. Thus

ax?  becomes a(x’cos® — y'sin 0)2 = —2ax’y’ cos@sinf + ...
bxy becomes b(x cos® — y sin6)(x'sin@ + y cos®) = bx'y (cos> 6 — sin%6) + ...
cy2 becomes c(x”sin6 + y’ cos 9)2 =2cx’'y cosfsinf + . ..
so that
ax? + bxy + cy? = ((c — a)2sin 0 cos 0 + b(cos> 0 — sin®0))x'y' + --- = ((c — a) sin 20 + bcos 20)x"y’ + ...

and thus 2/, the coefficient of x"y’, is b cos 28 + (¢ — a) sin 26, as desired.
(b) Setting b’ = 0, we get 0 = bcos26 + (¢ — a)sin26, so bcos20 = (a — ¢)sin26, so cot20 = “b;c, giving us
20 = cot™! 47<, and thus 6 = %cot_l arc.

CHAPTER REVIEW EXERCISES

1. Which of the following curves pass through the point (1, 4)?
@ ct) = (2,1 +3) (b) c(t) = (12,1 —3)
(© c(t)=(@*3-1) @ c() =@ —3,1%)
SOLUTION To check whether it passes through the point (1, 4), we solve the equations ¢(¢) = (1, 4) for the given curves.
(a) Comparing the second coordinate of the curve and the point yields:

t+3=4
t=1
‘We substitute # = 1 in the first coordinate, to obtain
=17=1

Hence the curve passes through (1, 4).
(b) Comparing the second coordinate of the curve and the point yields:

t—3=4
t=17
We substitute r = 7 in the first coordinate to obtain
?=7"=49#£1

Hence the curve does not pass through (1, 4).
(¢) Comparing the second coordinate of the curve and the point yields

3—t=4
t=-—1
‘We substitute + = —1 in the first coordinate, to obtain
2 =(-1*=1

Hence the curve passes through (1, 4).
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(d) Comparing the first coordinate of the curve and the point yields
t—3=1
t=4
We substitute ¢ = 4 in the second coordinate, to obtain:
P=42=16+4
Hence the curve does not pass through (1, 4).

2. Find parametric equations for the line through P = (2, 5) perpendicular to the line y = 4x — 3.

SOLUTION The line perpendicular to y = 4x — 3 at P = (2, 5) is the line of slope —% passing through P. This line has
the equation

1
y=S=—gx-2)

A bit of calculation shows that the parametric equations of the line are

c(t) = <2+t,5 - it)

or

3. Find parametric equations for the circle of radius 2 with center (1, 1). Use the equations to find the points of intersection
of the circle with the x- and y-axes.

SOLUTION Using the standard technique for parametric equations of curves, we obtain
c(t) = (1 +2cost,1+2sint)

We compare the x coordinate of ¢(z) to O:

1+2cost =0
CcoSt = ——
2
2w
t=+—
3

Substituting in the y coordinate yields

V3 _
Lo

2
1+23in<i§)=112 1+4/3

Hence, the intersection points with the y-axis are (0, 1 & +/3). We compare the y coordinate of c(t) to 0:

1+42sint =0
) 1
sint = ——
b4 7
t=—— or -=x
6 6
Substituting in the x coordinates yields
3
1+2c0s (-7) USRI
6 2
7 3
1+200s<8n) =1—2005(%):1—2§:1—«@

Hence, the intersection points with the x-axis are (1 & V3 ,0).
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4. Find a parametrization c(¢) of the line y = 5 — 2x such that ¢(0) = (2, 1).

SOLUTION The line is passing through P = (0, 5) with slope —2, hence (by one of the examples in section 12.1) it has
the parametrization

c(t) =(,5—2t)

This parametrization does not satisfy ¢(0) = (2, 1). We replace the parameter ¢ by a parameter s, so that t = s + $, to
obtain another parametrization for the line:

() =(+B5-2(s+p) =(+p5-28—2s) (D
We require that ¢*(0) = (2, 1). That is,
cF0)=(B,5-28)=21
or

=2
5-28=1

Substituting in (1) gives the parametrization
) =(6+2,1—25)
5. Find a parametrization c¢(6) of the unit circle such that ¢(0) = (-1, 0).
SOLUTION The unit circle has the parametrization
c(t) = (cost,sint)

This parametrization does not satisfy ¢(0) = (—1, 0). We replace the parameter ¢ by a parameter 6 so thatt = 6 + «, to
obtain another parametrization for the circle:

c*(0) = (cos(0 + «), sin(0 + «)) (D)
We need that ¢*(0) = (1, 0), that is,

c*(0) = (cosa, sina) = (-1, 0)
Hence

cosa = —1

sin =0
Substituting in (1) we obtain the following parametrization:
c*(8) = (cos(8 + ), sin(8 + 7))

6. Find a path c(¢) that traces the parabolic arc y = x2 from 0,0)t0 (3,9) for0 <r < 1.

SOLUTION The second coordinates of the points on the parabolic arc are the square of the first coordinates. Therefore
the points on the arc have the form:

c(t) = (at, a*1?) (1)
We need that ¢(1) = (3, 9). That is,
c)=(@a®)=039)=>a=3
Substituting in (1) gives the following parametrization:
c(t) = (31,91%)

7. Find a path c(¢) that traces the line y = 2x + 1 from (1, 3) to (3,7) for0 <t < 1.

SOLUTION Solution 1: By one of the examples in section 12.1, the line through P = (1, 3) with slope 2 has the
parametrization

ct)=010+413+21)
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But this parametrization does not satisfy c¢(1) = (3, 7). We replace the parameter ¢ by a parameter s so that r = as + f.
We get

F)=0+as+B,3+2(s+B) =(as + B+ 1,2as + 28+ 3)
We need that ¢*(0) = (1, 3) and ¢*(1) = (3, 7). Hence,
0 =(1+8,3+28)=(,3)
FD)=@+B+1,20+28+3)=(@3,7)

We obtain the equations

1+8=1

3+28=3
= pf=0aa=2

a+pB+1=3

20 +28+3=7
Substituting in (1) gives
c*(s)=Q2s+1,4s +3)
Solution 2: The segment from (1, 3) to (3, 7) has the following vector parametrization:
A=-0(3)+t 3,7 =(1—t+3t,300 —t)+7t) = (1 +2¢,3+4¢)
The parametrization is thus
c(t)y=(0+2t,3+41)

8. Sketch the graph c¢(f) = (1 + cost, sin 2t) for 0 < t < 2w and draw arrows specifying the direction of motion.

SOLUTION From x = 1 4 cost we have x — 1 = cost. We substitute this in the y coordinate to obtain

y =sin2t = 2sinfcost = £2Vsin? tcost = £2v/1 — cos2 tcost = £2,/1 — (x — D)2(x — 1)

We can see that the graph is symmetric with respect to the x-axis, hence we plot the function y = 24/1 — (x — 1)2(x — 1)
and reflect it with respect to the x-axis. When t = 0 we have ¢(0) = (2, 0). when ¢ increases near 0, cos ¢ is decreasing
and sin 2¢ is increasing, hence the general direction at the point (2, 0) is upwards and left. As ¢ approaches 7 /2, the
x-coordinate decreases to 1 and the y-coordinate to 0. Likewise, as t moves from 7 /2 to m, the x-coordinate moves to 0
while the y-coordinate falls to —1 and then rises to 0. The resulting graph is seen here in the corresponding figure.

y

Plot of Exercise 8

In Exercises 9—12, express the parametric curve in the formy = f(x).
9. c(t) =4 —-3,10—1)

SOLUTION We use the given equation to express ¢ in terms of x.

x=4t—-3
4t =x +3
x+3
=
4

Substituting in the equation of y yields

4 4+4

3 37
y=10—r=10- 212 _ %
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That is,

x 37

10. c(t) = (2 + 1,12 —4)

SOLUTION The parametric equations are x = 3 +1and y = 2 —4. We express ¢ in terms of x:

x:t3+1
13:x—1
t=(x—1D/3

Substituting in the equation of y yields
y=1>—4=x-1>3—4
That is,

y=@-1* -4

2 1
11. c(t) = (3 - B+ ;>

SOLUTION We use the given equation to express ¢ in terms of x:

2
x=3—--
t
-=3-x
2
=
3—x

Substituting in the equation of y yields

_<2>3+ L8 3-x
Y= 3% 2/3-x) G-x3 " 2

12. x =tant, y =sect

SOLUTION We use the trigonometric identity

1+ tan? t = sec? t

Substituting the parametric equations x = tant and y = sect we obtain

l—i-xzzy2 or y=+vx2+1

In Exercises 13—16, calculate dy/dx at the point indicated.
B.ct) =@ +1,62—1), =3

SOLUTION The parametric equations are x = 34+ tand y = t2 — 1. We use the theorem on the slope of the tangent
: dy .
line to find

dy _ & _ _u
dx  dx 32 4
We now substitute t = 3 to obtain
dy 2-3 3

dx|,_3 3.324+1 14
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14. c(9) = (tan0,cosh), 6 =1

SOLUTION The parametric equations are x = tan26, y = cos 6. We use the theorem on the slope of the tangent line to

find ‘%:
dl_%_ —sinf __cos39
dx % " 2tanfsec2d 2
We now substitute 6 = % to obtain
dy B cos3% B 1
dxlo_py 2 42

15. ¢(t) = (¢! — 1,sint), t =20

SOLUTION We use the theorem for the slope of the tangent line to find %:

dy .
dy Zi _ (sinr)’  cost

dx_%_(e’—l)’ el

We now substitute r = 20:

dy _cos20
dx |,—g T2

16. ¢(t) = (Int,3t> —1), P =(0,2)
SOLUTION The parametric equations are x = Int, y = 3t2 — 1. We use the theorem for the slope of the tangent line to
dy.
find dx-
dy G _6t—1

_ e
dx “de =1 Ol M
d t

‘We now must identify the value of # corresponding to the point P = (0, 2) on the curve. We solve the following equations:

Int =0
) = =1
3t —1t=2
Substituting + = 1 in (1) we obtain
d
D6 12-1=5
d.x P

17. £AS  Find the point on the cycloid c(f) = (t — sint, 1 — cost) where the tangent line has slope %

SOLUTION Since x =t —sint and y = 1 — cos¢, the theorem on the slope of the tangent line gives

dy g sint
dx %x 1 —cost

The points where the tangent line has slope % are those where % = % We solve for ¢:
dy 1
dx 2
sint 1 )
1 —cost 2

2sint =1 —cost

We let u = sint. Then cost = i\/l — sin?t = :I:\/l — u2. Hence

2u=1x+v1—-u?

We transfer sides and square to obtain

+vV1—u*=2u—1
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1—u2:4u2—4u+1
Su? —du=uGGu—4) =0

We find ¢ by the relation u = sin¢:
u=0: sint=0=t=0,t=m

4 4
=—: sint=-=1r~0.93,t~221
u 5 Sim 3

These correspond to the points (0, 1), (i, 2), (0.13,0.40), and (1.41, 1.60), respectively, for 0 < ¢ < 2m.
18. Find the points on (¢ + sin¢, ¢t — 2sin¢) where the tangent is vertical or horizontal.
SOLUTION We use the theorem for the slope of the tangent line to find %:

dy E _ 1—2cost
dx ~ dx " 1 4cost

We find the values of ¢ for which the denominator is zero. We ignore the numerator, since when 1 4+ cost = 0,1 —2cost =

3#£0.
l1+4+cost =0
cost = —1
t=mn+2nk wherekeZ

We now find the values of ¢ for which the numerator is 0:

1—2cost =0
1 =2cost
1
— = cost
2

I::l:%-}-Zﬂk where k € Z

Note that the denominator is not zero at these points. Thus, we have vertical tangents at t = m + 27k and horizontal
tangents at t = +m /3 4 2mk.

19. Find the equation of the Bézier curve with control points
Ph=(-1,-D, P=(1LD, k=01, Pd1-D

SOLUTION We substitute the given points in the appropriate formulas in the text to find the parametric equations of the
Bézier curve. We obtain

x()=—(1 =03 =3t(1 =2+ 120 —1)+13
= (1 =3t 432 = -Gt —6t2+ 3 + (12— + 13
(=283 + 412 — 1)

(1= 43t -2 +20 -1 -1
A =343 =+ Bt =62 43+ (12— — 13
=@ —8t2+6t—1)

y(#)

20. Find the speed at t = % of a particle whose position at time ¢ seconds is ¢(t) = (sin 4z, cos 3¢).

SOLUTION We use the parametric definition to find the speed. We obtain

d
d—i - \/ ((sin41))? + ((cos 31))? = \/ (4cosdt)? + (—3sin31)? = \/ 16 cos2 4t + 9sin? 3¢

Attime r = 7 the speed is

ds

3 1
= =\/16c0527r+9sin27n=\/16+9-5=«/20. ~ 453

t=m/4
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21. Find the speed (as a function of ) of a particle whose position at time ¢ seconds is ¢(t) = (sint + ¢, cost + t). What

is the particle’s maximal speed?

SOLUTION We use the parametric definition to find the speed. We obtain

g = \/((sint +1))% + ((cost +1))? = \/(cost + 12+ (1 —sinz)?

=\/COSZI‘+ZCOSZ—|— 14+ 1—2sint +sin?¢ =+/3 + 2(cost —sint)

We now differentiate the speed function to find its maximum:

d?s / —sint — cost
— = (+v/3+2(cost —sint)) =
dr? ( ( )) 3 F2(cost —sint)

We equate the derivative to zero, to obtain the maximum point:
d?s
dr?

—sint —cost
3+ 2(cost —sint)

—sint —cost =0

=0

—sint = cost
sin(—t) = cos(—t)

tn+k
=g
4

T
r=-" 4k
gt

Substituting ¢ in the function of speed we obtain the value of the maximal speed:

\/3+2<cos—%—sin—%)= 3+2<é§— (—f)) = 3+2\/§

22. Find the length of (3¢’ — 3, 4e’ +7) for0 <t < 1.

SOLUTION We use the formula for arc length, to obtain

1 1
s = f \/ ((Be! —3))2 + ((4e! +7))2dt = / V Beh)? + (4e')2 dt
0 0
1 1 1 1
:/ \/9e2’+16e2’dt:/ \/2562’dt:/ Se' dt = 5e'
0 0 0

=5e-1
0

In Exercises 23 and 24, let c(t) = (e~ cost, e ! sint).

23. Show that c(¢) for 0 <t < oo has finite length and calculate its value.

SOLUTION We use the formula for arc length, to obtain:

]
5= / \/((e*’ cost))? + ((e~" sint))2dr
0

o0
= / \/(—e—l cost — e Tsint)? + (—e~!sint + e~ cos 1)2dt
0

o0
= / \/e—2’ (cost + sint)2 + e=2t(cost — sin 1)2dt
0

o0
:/ eft\/coszt—|—2sintcost+sin2t+coszt—25inzcosz+sin21dt
0

/OO e 'NV2dt = V2(—e7)
0

o0
= —\f2< lim e~ ! — eo)
0

—00

—V20-1)=+2
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24. Find the first positive value of 7y such that the tangent line to c(f() is vertical, and calculate the speed at t = 1.

SOLUTION The curve has a vertical tangent where lim |%| = o0o. We first find % using the theorem for the slope of
—1

a tangent line:

d . . _
ﬂzﬁz (e !sint) _ e Usint + e ! cost
dx % (e7tcost) —e~tcost—e !sint

cost —sint sint — cost
cost +sinz  sint + cos?

We now search for 7 such that lim ‘%‘ = 00. In our case, this happens when the denominator is 0, but the numerator
t—1
is not, thus:
sintg 4+ costg =0
costy = —sinty
cos —tg = sin —1y

T
_IOZZ_T[

fh=-m
0= %

We now use the formula for the speed, to find the speed at #.

ds
— —1 i 2 —t 2
i \/((6 sin#)’)% + ((e~* cost)’)

= \/(—e_t cost —e!sint)2 + (—e~!sint + e~ cost)?

= \/E_Zt (cost + sint)2 + e—2!(cost — sin r)2

=e_t\/coszl+25intcost+sin2t+coszt—25intcost—|—sin21 =e V2

Next we substitute ¢ = %7‘[, to obtain
eT10/2 = 734/

25. CAS Plot ¢(t) = (sin2t,2cost) for 0 < t < 7. Express the length of the curve as a definite integral, and

approximate it using a computer algebra system.

SOLUTION We use a CAS to plot the curve. The resulting graph is shown here.

Plot of the curve (sin 2¢, 2 cos t)

To calculate the arc length we use the formula for the arc length to obtain
T b/
5= / \/(2cos 202 + (=2sinn)2 dt = 2/ V/cos? 21 + sin? ¢ dt
0 0

We use a CAS to obtain s = 6.0972.
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26. Convert the points (x, y) = (1, —3), (3, —1) from rectangular to polar coordinates.

SOLUTION We convert the given points from cartesian coordinates to polar coordinates. For the first point we have

rz\/x2+y2=\/12+(—3)2=m

6 = arctan Y arctan —3 = 5.034
X

For the second point we have

r= 432 = /R 4+ (<12 = VT0

-1
6 = arctan Y = arctan R = —0.321, 5.961
X

27. Convert the points (r, 0) = (1, %), (3. 57”) from polar to rectangular coordinates.

SOLUTION We convert the points from polar coordinates to cartesian coordinates. For the first point we have

T 3

x=rcosf =1-cos — = —
6 2

T 1
=rsinf =1-s8in — = -
y=r 6 2

For the second point we have

S5 32
x=rcosf =3cos — = ———
4 2
5 342
y:rsin6:3sin—n=—i
4 2

28. Write (x + y)2 = xy + 6 as an equation in polar coordinates.

SOLUTION We use the formula for converting from cartesian coordinates to polar coordinates to substitute » and 6 for
x and y:

(x+y)?=xy+6
x* 42y +y  =xy+6
x2+y2 =—xy+6
r2 = —(rcos@)(rsind) +6
r* = —r?cosfsinf + 6

r2(l +sinfcosf) =6

}"2 = 76
" 1+sin6fcosf
6
r?= sin 20
1+ 55~
2_ 12
2 4 sin 20
. 2cosb .. .
29. Write r = —————— as an equation in rectangular coordinates.
cos6 —sin6

SOLUTION We use the formula for converting from polar coordinates to cartesian coordinates to substitute x and y for
r and 0:

2cos6
cosf — sin

/x2—|— 5 2r cos 6
= rcosf — rsin6
2x

[x2 4 y2 =

r =
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4
30. Show that r = —————— is the polar equation of a line.
7cos® — siné

SOLUTION We use the formula for converting from polar coordinates to cartesian coordinates to substitute x and y for

rand 6:
4
r=—
7cos6 — sinf
_ 4
" 7rcos® —rsinf
B 4
T Ix—y
Tx—y=4
y=T7x—-4

We obtained a linear function. Since the original equation in polar coordinates represents the same curve, it represents a
straight line as well.

31. Convert the equation
9% +y%) = (& 4+ —29)?
to polar coordinates, and plot it with a graphing utility.

SOLUTION We use the formula for converting from cartesian coordinates to polar coordinates to substitute » and 6 for
x and y:

9% +y%) = (432 = 2y)?
972 = (2 — 2rsin )2
3r =r% —2rsinf
3=r—2sin6

r=3+42sin6

The plot of r = 3 + 2sin 6 is shown here:

r=3+2sin6

Plotof r =3 + 2sin6

2

32. Calculate the area of the circle r = 3 sin 6 bounded by the rays 6 = % and 6 = 5.

SOLUTION We use the formula for area in polar coordinates to obtain

1 [27/3 9 [2n/3 9 [27/3 9 in 260
A=7/ (3sin0)2d9:7/ sin29d9:f/ (1 —cos20)do = - o — 2
2 /3 4 7/3 4 2

(ot =323 (5 0) -2 )

27 /3
/3 )
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33. Calculate the area of one petal of r = sin 46 (see Figure 1).

n =2 (4 petals) n =4 (8 petals) n =6 (12 petals)
FIGURE 1 Plot of r = sin(n6).

SOLUTION We use a CAS to generate the plot, as shown here.

1
081
0.6
041
021

0 4

-021

~04 1

-061

-081

Plot of r = sin 46

0
We can see that one leaf lies between the rays 6 = 0 and 6 = T ‘We now use the formula for area in polar coordinates to
/4
0

34. The equation r = sin(nf), where n > 2 is even, is a “rose” of 2n petals (Figure 1). Compute the total area of the
flower, and show that it does not depend on 7.

obtain

L[4, 1 [7/4 1 sin 86
A=~ sin” 40 df = ~ (1—cos89)do = — [0 —
2 Jo 4 Jo 4 8

1
= __(sin27 —sin0) = =
6 32 16

SOLUTION We calculate the total area of the flower, that is, the area between the rays 6 = 0 and 8 = 2, using the
formula for area in polar coordinates:

2

0

A 1/271 in? 210 do 1/2n(1 anoydo = - (g — Sin4nf
== sin” 2n = - — cos4n =-(0-
2 Jo 4 Jo 4 4n

1
= % — < (sin8n —sin0) = %

. . -
Since the area is 7 for every n € Z, the area is independent of n.

35. Calculate the total area enclosed by the curve r? = cos feSin? (Figure 2).

X
_W

FIGURE 2 Graph of r2 = cos §eSin?.

SOLUTION Note that this is defined only for 6 between — /2 and 7 /2. We use the formula for area in polar coordinates
to obtain:

1 [7/2 1 r7/2 .
A=—f r2d9:7/ cos Be*M? 4o
2 )z 2 ) np2
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We evaluate the integral by making the substitution x = sin 8 dx = cos6 d:

| 2 _ .
A= f/ cos 0’0 gp = —e*
2 ) np 2

36. Find the shaded area in Figure 3.

r=1+cos26

FIGURE 3

SOLUTION We first find the points of intersection between the unit circle and the function.

1 =1+ cos20
cos20 =0
2%0="4

=—+47

2 n

T

0=—+—

;T3

‘We now find the area of the shaded figure in the first quadrant. This has two parts. The first, from O to 7 /4, is just an octant
of the unit circle, and thus has area /8. The second, from 7 /4 to 7 /2, is found as follows:

1 7/2 5 1 r7/2 5 1 [7/23 1
Asz (1 4 cos 26) d9=7-/. 1+ 2cos26 + cos 29d9=7/ — +2c0s260 + — cos 46 db

2 Jnsa 2 Jny4 2 x4 2 2

1

30 + sin 26 + L 46
=—|—=+sin — sin
2\ 2 8

T (37‘[ 1)
na 2\8
The total area in the first quadrant is thus 51—76’ - %; multiply by 2 to get the total area of ST” —1.

37. Find the area enclosed by the cardioid r = a(1 4 cos 6), where a > 0.

SOLUTION The graph of r = a (1 4+ cos 8) in the r6-plane for 0 < 8 < 27 and the cardioid in the xy-plane are shown
in the following figures:

r=a(l+cosh) The cardioid r = a (1 + cos#),a >0

As 0 varies from 0 to 7 the radius r decreases from 2a to 0, and this gives the upper part of the cardioid.

The lower part is traced as 6 varies from 7 to 27 and consequently r increases from O back to 2a. We compute
the area enclosed by the upper part of the cardioid and the x-axis, using the following integral (we use the identity
cos26 = % + %cos 20):

N =
o\
]
~
38
QU
S
|

1 [ a2 T
—7/ az(l—l-cosQ)sz:—/ (1+200s9+00329) do
2 Jo 2 Jo

2 pm a2
=L /0 (1+2c0s9+7+7c0s20> do ———/0 (7+20089+*200529> dé

2

a T2 _ 3ra?
2

3 1
=7[7ﬂ+23inﬂ+15in2ﬂ—0:|— 2

36 1
[7 +2sin6 + 7 sinZG]

0
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Using symmetry, the total area A enclosed by the cardioid is

3ra? 3ra?
4 2

38. Calculate the length of the curve with polar equation » = 6 in Figure 4.

FIGURE 4

SOLUTION The interval of 8 values is 0 < 6 < m. We use the formula for the arc length in polar coordinates, with
r= f(0)=0.We get

s=["Vr@r+perao= [T Jor+ @) o= ["Versiae
0 0 0

0 1 4 1
=2 02+1+—ln‘9+\/92+1’ = n2+1+—1n(n+ n2+1>
2 2 oo 2 2

39. A5 Figure 5 shows the graph of r = ¢935% sin g for0 < 6 < 27.Use a computer algebra system to approximate

the difference in length between the outer and inner loops.

X
-6 I3

FIGURE 5

SOLUTION We note that the inner loop is the curve for 6 € [0, ], and the outer loop is the curve for 6 € [x, 27]. We
express the length of these loops using the formula for the arc length. The length of the inner loop is

m T €039 sin 0 2
§] = / \/ (€0-59 sin 9)2 + ((9-59 sin 6))2d6 = / e? sin? 6 + (f + e0-39 cos 9) de
0 0

and the length of the outer loop is

21 0.50 gin o 2
sy = / \/69 sin? 6 + (% + ¢0-39 cos 0) do
T

‘We now use the CAS to calculate the arc length of each of the loops. We obtain that the length of the inner loop is 7.5087
and the length of the outer loop is 36.121, hence the outer one is 4.81 times longer than the inner one.

40. & Show that r = f1(0) and r = f,(0) define the same curves in polar coordinates if f1(0) = —f>(0 + 7).
Use this to show that the following define the same conic section:

de —de
= — r=—
1 —ecos6 14 ecos6

SOLUTION Suppose (7, ) lies on the curve r = f5>(0). Since (r, 0) and (—r, 6 + m) define the same point in polar
coordinates, we have —r = f>(0 + 7)) = —f1(0), so that r = f1(6), Thus (r, 0) lies on f1 as well. Conversely,
suppose (r, 0) lies on r = f1(0). Since (r, 6) and (—r, 0 — ) define the same point in polar coordinates, we have
—r=f10—m)=—f0 —7+m)=—f(0)sothatr = f»(0) and (r, 0) lies on f> as well. Thus the two equations
define exactly the same set of points.

Now set

de

Ao = —%
=1z 1+ ecosé

ecosf £0) =
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and consider the polar equations r = f1(0) and r = f>(6). We have

—de _ de
1+ecos(@+m) T 1—ecosf

— 20 +m) = = /1®)

so that by the above, the two equations define the same conic section.

In Exercises 41—44, identify the conic section. Find the vertices and foci.
X\2 ¥\ 2

a (3) +(3) =1
3 2

SOLUTION This is an ellipse in standard position. Its foci are (£+v/ 32-22.0) = (++/5,0) and its vertices are
(£3, 0), (0, £2).

42. x2 —2y2 =4

SOLUTION We divide the equation by 4 to obtain

6°-(3) -

2 V2)

This is a hyperbola in standard position, its foci are (:i:\/ 22 4 \[22, 0) = (:i:\fé, 0), and its vertices are (£2, 0).
B 20+ 4y =4 — (- y)?

SOLUTION We simplify the equation:

1 2
(2x+§y> =4—(x—y)?

1
4x2+2xy+1y2=4—x2+2xy—y2
5
5x2+ 2y =4
X +4y
5x2 5y2_

=1
16
2

4
2
x y B
= +(4 =1
V5 NG
This is an ellipse in standard position, with foci | 0, £ (i)z - (L)z = (0, +,/12 ) and vertices (:i:l O)
: AW 75 VS 5O)

(0+%)
4. y-32=2x2-1

SOLUTION We simplify the equation:

(y=372=22-1
2w —(y—3)?%=1
2
X

1

2

—(y-37=1

2
This is a hyperbola shifted 3 units on the y-axis. Therefore, its foci are <:|: (%) +1, 3) = <j: %, 3) and its

vertices are (:I: 1

e 3).
In Exercises 45-50, find the equation of the conic section indicated.

45. Ellipse with vertices (48, 0) and foci (£+/3, 0)

SOLUTION Since the foci of the desired ellipse are on the x-axis, we conclude that a > b. We are given that the points
(£8, 0) are vertices of the ellipse, and since they are on the x-axis, a = 8. We are given that the foci are (£+/3, 0) and
we have shown that a > b, hence we have that /a2 — b2 = /3. Solving for b yields
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a?—b*=3

82 —p2 =3
b =61
b=+61

Next we use a and b to construct the equation of the ellipse:

x\2 y 2
() -
8 61
46. Ellipse with foci (£8, 0), eccentricity %

SOLUTION If the foci are on the x-axis, thena > b, and ¢ = v/ a2 — b2. We are given that e = %, and ¢ = 8. Substituting
and solving for a and b yields

Cc
e= —

a
c=+va?—b?
18
8 «a

64 =a

8 =642 — p2
64 = 642 — b2
b = 6463

b = 8V63

We use a and b to construct the equation of the ellipse:

47- Hyperb()la with vertices (:i:8, 0), aSymp[OteS y = :t?.x

SOLUTION Since the asymptotes of the hyperbola are y = :I:%x, and the equation of the asymptotes for a general

hyperbola in standard position is y = :I:gx, we conclude that 2 = % We are given that the vertices are (£8, 0), thus
a = 8. We substitute and solve for b:

> 0l |

N AW AW

Next we use a and b to construct the equation of the hyperbola:
X\ 2 ¥\ 2 1
(5) -6 ="

48. Hyperbola with foci (2, 0) and (10, 0), eccentricity e = 4

SOLUTION Since the foci lie on the x axis, the x is the focal axis. The center of the hyperbola is midway between the

foci, so lies at (6,0), and ¢ = 4. Then ¢ = ae gives a = 1; then b = v/¢2 — a2 = /15, so that the equation of the
hyperbola is

2
(x—6)2—<—y ) =1
J15
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49. Parabola with focus (8, 0), directrix x = —8
SOLUTION This is similar to the usual equation of a parabola, but we must use y as x, and x as y, to obtain
)

x:iy

50. Parabola with vertex (4, —1), directrix x = 15

SOLUTION The directrix is a vertical line and the vertex is (4, —1), so the equation is of the form

4= Ly
* _4cy

The directrix is to the right of the vertex; the distance from the directrix to the vertex is —11, so ¢ = —11 and the equation
is

—4- Ly
A

51. Find the asymptotes of the hyperbola 3x2 + 6x — y2 — 10y =1.

SOLUTION We complete the squares and simplify:

3x2—|—6x—y2—10y:1
3% +2x) — (2 +10y) = 1
32 4+2x+1—1)— (2 + 10y +25-25) =1
3ax+D2=3—-(+5>+25=1
3x+ 12— (v +52%=-21

() )

We obtained a hyperbola with focal axis that is parallel to the y-axis, and is shifted —5 units on the y-axis, and —1 units
in the x-axis. Therefore, the asymptotes are

x+1:i%(y+5) or y+5=%v3x+1).

52. Show that the “conic section” with equation x2 —4x + y2 + 5 = 0 has no points.

SOLUTION We complete the squares in the given equation:
x2—4x+4y>+5=0
X2 —dx+4—4+4y>4+5=0
(x—2%+4y* =1
Since (x —2)2 > 0 and y2 > 0, there is no point satisfying the equation, hence it cannot represent a conic section.
53. Show that the relation % = (2 - 1)% holds on a standard ellipse or hyperbola of eccentricity e.

SOLUTION We differentiate the equations of the standard ellipse and the hyperbola with respect to x:

Ellipse: Hyperbola:
a b a b
2 vdy 2 2vdy
a2 ' b2dx a2 b2dx
dy b* x dy b* x
dx a2y dx aly

.. . . a2—b? 2 2
The eccentricity of the ellipse is e = “a b ,hence e2a? =% — b2 ore? =1 — Z—z yielding 2—2 =1—¢2
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/222 2 2
The eccentricity of the hyperbola is e = ”TH’, hence ¢2a? = a% + b2 ore? =1 + Z—z, giving 2—2 =e2 1.

.. . . d
Combining with the expressions for % we get:

Ellipse: Hyperbola:

d
—a-Hi=@-n>t  ZE_@?-nt
y y  dx y

dy
dx
We, thus, proved that the relation % = (e2 — 1)% holds on a standard ellipse or hyperbola of eccentricity e.

54. The orbit of Jupiter is an ellipse with the sun at a focus. Find the eccentricity of the orbit if the perihelion (closest
distance to the sun) equals 740 x 10° km and the aphelion (farthest distance from the sun) equals 816 x 106 km.

SOLUTION For the sake of simplicity, we treat all numbers in units of 106 km. By Kepler’s First Law we conclude that
the sun is at one of the foci of the ellipse. Therefore, the closest and farthest points to the sun are vertices. Moreover, they
are the vertices on the x-axis, hence we conclude that the distance between the two vertices is

2a =740 + 816 = 1556

Since the distance between each focus and the vertex that is closest to it is the same distance, and since a = 778, we
conclude that the distance between the foci is

c=a—"740 =38
We substitute this in the formula for the eccentricity to obtain:

e =< =0.0488.
a

55. Refer to Figure 25 in Section 11.5. Prove that the product of the perpendicular distances Fj Ry and F> Ry from the
foci to a tangent line of an ellipse is equal to the square b? of the semiminor axes.

SOLUTION We first consider the ellipse in standard position:

x2 N y2 .
az b
The equation of the tangent line at P = (xg, yg) is
rox Yoy _
a? b2

or
bzxox + azyoy —d?? =0
The distances of the foci F; = (¢, 0) and F = (—c, 0) from the tangent line are

1b2xgc — a2b?| = Ib?xoc + a2b?|
2R =

JPAxd +atyg b4x} +ayd

IR =

We compute the product of the distances:

<b2xoc - a2b2) (bzxoc + a2b2)
FIR) - FoRy = =
b4xS + a4yg

b4x362 —a*p*
b4x3 +at yg

(€]

The point P = (xq, yg) lies on the ellipse, hence:

2 2
Y0 Y0 L 42 =gt 222
22T Yo = 0

We substitute in (1) to obtain (notice that b —a? = —cz)

|b4x202 — a4b4| |b4x2c2 — a4b4|
FIR| - FaR; = 5 0 ~ = 0 >
Ib*xg + a*b? — a2b2x5l  |b2(b? — a?)x§ + atb?|
gt —atht PGt —ah)l T
| —b2x3c2 +a*h?| | — (x5c? —a%)|

The product Fi R| - F Ry remains unchanged if we translate the standard ellipse.
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